Geometrizing the minimal representations of even orthogonal groups by Lafforgue, Vincent & Lysenko, Sergey
ar
X
iv
:1
10
1.
14
08
v3
  [
ma
th.
RT
]  
5 D
ec
 20
12
Geometrizing the minimal representations of even orthogonal
groups
Vincent Lafforgue and Sergey Lysenko
Abstract Let X be a smooth projective curve. Write BunSO
2n
for the moduli stack of
SO2n-torsors on X . We give a geometric interpretation of the automorphic function f on
BunSO
2n
corresponding to the minimal representation. Namely, we construct a perverse
sheaf KH on BunSO
2n
such that f should be equal to the trace of Frobenius of KH plus some
constant function. The construction is based on some explicit geometric formulas for the
Fourier coefficients of f on one hand, and on the geometric theta-lifting on the other hand.
Our construction makes sense for more general simple algebraic groups, we formulate the
corresponding conjectures. They could provide a geometric interpretation of some unipotent
automorphic representations in the framework of the geometric Langlands program.
1. Introduction
1.1 The theory of minimal representations has been developped (at least since 1989) in the
works of D. Kazhdan, G. Savin, W.T. Gan, D. Ginzburg, S. Rallis, D. Soudry and others (cf.
[10] for a recent survey) in several settings, over finite, local and global fields. In the theory of
automorphic forms they are of special interest as they allow to prove some particular cases of
Langlands functoriality via ‘generalized theta correspondences’.
The first example of a minimal representation is the Weil representation of the metaplec-
tic group. In [18] a geometric version of the corresponding automorphic theta-function was
constructed. In the present paper we develop a similar geometric theory for the minimal repre-
sentations of even orthogonal groups. One of our motivations is a hope that the automorphic
sheaves corresponding to the minimal representations will yield new cases of the geometric Lang-
lands functoriality, as in the classical theory. For example, this should be the case for the dual
pair (SO3,SO2n−3) in SO2n.
The place of minimal representations becomes clearer from the perspective of Arthur con-
jectures [1], they are particular examples of unipotent automorphic representations.
Let k be a finite field. Let X be a smooth projective geometrically connected curve over k.
Let H be a simple split group. Let T ⊂ B ⊂ H be a maximal torus and a Borel subgroup.
Write Λ for the coweight lattice of T . Write Hˇ for the Langlands dual group of H over Q¯ℓ. Set
F = k(X). Let A be the adeles ring of F , O ⊂ A be the entire adeles. For x ∈ X write Fx for
the completion of F at x.
The unipotent representations we are interested in have been studied, in particular, in [21].
Moeglin considers irreducible representations π of H(A) appearing as a direct summand in
1
L2(H(F )\H(A)), which are everywhere nonramified and satisfy the following assumption. There
is a character χ : T (A)/T (O)→ Q¯∗ℓ that decomposes as
T (A)/T (O) →˜ Div(X)⊗ Λ
deg⊗ id
→ Λ→ Q¯∗ℓ
such that π appears in the induced representation ind
H(A)
B(A)χ. They are expected to correspond to
homomoprhisms φ : SL2 → Hˇ such that the corresponding unipotent Hˇ-orbit does not intersect
any proper Levi subgroup.
Namely, let φ : SL2 → Hˇ satisfy this property. Let πφ = ⊗
′
x∈Xπx, where πx is the spherical
representation of H(Fx) with Langlands parameter
φ
(
| tx |
1
2 0
0 | tx |
− 1
2
)
,
where tx ∈ Fx is a uniformizer. If H is one of the split groups SO2n,SO2n+1,Sp2n then, as
Moeglin proved, πφ appears in L
2(H(F )\H(A)) as a direct summand with multiplicity one. We
also expect this to hold in type En.
Let BunH denote the stack of H-torsors on X. The problem we are interested in is to
find an object Kφ ∈ D(BunH) of the derived category of Q¯ℓ-sheaves on BunH , which is a
geometric analog of πφ. Let σ : Gm → Hˇ denote the restriction of φ under the map Gm → SL2,
x 7→ diag(x, x−1). Then Kφ should be a σ-Hecke eigensheaf as defined in ([19], Definition 1).
If H is of type Dn or En then the subregular unipotent orbit in Hˇ does not intersect any
proper Levi subgroup, and the corresponding representation πφ of H(A) is the minimal one. Its
Arthur parameter is the homomorphism id×φ : π1(X)× SL2 → Hˇ, where φ corresponds to the
subregular unipotent orbit.
In Appendix A we introduce a notion of an almost constant local system on BunH . We
think they are nothing but the automorphic sheaves on BunH corresponding to the Arthur
parameters of the form α × φp : π1(X) × SL2 → Hˇ, where φp : SL2 → Hˇ is principal, and
α factors through the center Z(Hˇ) of Hˇ. Conjecturally, any local system on BunH is almost
constant (after passing from k to its algebraic closure). Denote by D(BunH)ls ⊂ D(BunH) the
full triangulated subcategory generated by the almost constant local systems. It is preserved by
Hecke functors, so they also act on the quotient category D(BunH)/D(BunH)ls.
AssumeH = SO2n split with n ≥ 4. Let φ : SL2 → Hˇ correspond to the subregular unipotent
orbit. Our main results are Theorems 1 and 2, they provide a perverse sheaf KH ∈ D(BunH) irre-
ducible on each connected component of BunH and such that its image in D(BunH)/D(BunH)ls
satisfies the Hecke property for the Arthur parameter id×φ : π1(X)× SL2 → Hˇ. So, the object
Kφ, which we are not able to find yet, will have the same image as KH in D(BunH)/D(BunH)ls.
In the classical setting one could take the orthogonal complement to the vector space gener-
ated by the ‘almost constant functions’ on BunH , and find a function in this orthogonal comple-
ment which coincides with the trace of Frobenius of KH modulo the ‘almost constant functions’
on BunH . In the geometric setting the problem of lifting of KH ∈ D(BunH)/D(BunH)ls to
Kφ ∈ D(BunH) looks more difficult.
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1.2 One can construct the minimal representation π of H(A) as the restricted tensor product
of minimal representations πx of H(Fx), x ∈ X. Each πx is the local theta-lift of the trivial
representation of SL2(Fx) for the dual pair (SL2,H) in the metaplectic group S˜p4n. The corre-
sponding global theta-lift is divergent, and one has to take a residue of the corresponding series
to obtain π. Another way is to realize π as a residue of Eisenstein series for some parabolic
subgroups of H (see [12]). Neither of these constructions admits an evident geometrization. It
is not clear what a residue of a geometric Eisenstein series (or a divergent theta-series) should be
in general, this was one of the key technical difficulties in this paper. Our construction suggests,
a posteriori, a possible geometric approach to residues of Eisenstein series at least in the simplest
cases (see Section 1.3).
Our construction of KH is based on the theta-lifting. Let Ω be the canonical line bundle
on X. Let G1 be the group scheme on X of automorphisms of OX ⊕ Ω acting trivially on
det(OX ⊕ Ω). Let P ⊂ H be a parabolic subgroup preserving some isotropic n-dimensional
subspace in the standard representation of H.
In ([19], Definition 2) the theta-lifting functor FH : D
−(BunG1)! → D
≺(BunH) has been
introduced, it is given by the kernel AutG1,H on BunG1 ×BunH , which is the restriction of the
theta-sheaf for S˜p4n. Let q : BunG1 ×BunH → BunH be the projection. In loc.cit. we considered
the morphism κ : Gˇ1 × SL2 → Hˇ given by
SO3× SL2
id×φp
→ SO3× SO2n−3 → SO2n,
where the latter map is given by an orthogonal direct sum, and φp : SL2 → SO2n−3 is principal.
By ([19], Theorem 3), FH commutes with the Hecke functors with respect to κ. So, if we had
Q¯ℓ ∈ D
−(BunG1)! then FH(Q¯ℓ) would be the automorphic sheaf Kφ we are looking for. However,
Q¯ℓ is not in D
−(BunG1)!, and the complex FH(Q¯ℓ), which is q!AutG1,H up to a shift, does not
make sense in the existing formalism. It is not bounded from above neither from below.
One can however, formally look at its Fourier coefficients with respect to P . The stack BunP
of P -torsors on X is the stack classifying U ∈ Bunn and an exact sequence 0 → ∧
2U →? →
OX → 0. Let YP be the stack classifying U ∈ Bunn and a section v : ∧
2U → Ω. Then YP
and BunP are dual generalized vector bundles over Bunn, the stack of rank n vector bundles
on X. From the explicit formulas for AutG1,H in the Shro¨dinger model we noticed that all the
infiniteness of the Fourier transform Four(q!AutG1,H) is concentrated on the zero section of YP .
This, together with the results about minimal representations ([12]) has led to our construction
of KH via the P -model (cf. Theorem 1).
Let Q (resp., R) be the parabolic subgroup of H preserving a 1-dimensional (resp., 2-
dimensional) isotropic subspace in the standard representation. We also propose conjectural
constructions of the same perverse sheaf KH via Q and R-models. While the Q-model is a part
of more general Conjecture 4 for simple groups admitting a parabolic subgroup with an abelian
unipotent radical, the R-model plays a separate role. This is a parabolic subgroup of H referred
to as Heisenberg parabolic in [10], such parabolic exists for any simple algebraic group. We hope
that our explicit construction via R-model will generalize to cover the cases when there is no
parabolic subgroup with an abelian unipotent radical (like E8, for example).
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In all three cases we construct some complexes KP,ψ, KQ,ψ, KR,ψ on BunP ,BunQ and BunR
respectively given by some explicit formulas. We expect that each of this complexes is the
restriction of KH from BunH (over suitable open substacks). Here ψ : Fp → Q¯
∗
ℓ is a nontrivial
additive character. For the parabolic P this is true and is a part of our construction of KH (cf.
Theorem 1).
Our R-model uses as an input a new ingredient, the extended theta sheaf. This is a perverse
sheaf interesting on its own ground, as it is a geometric analog of the matrix coefficient of the
Weil representation of the semi-direct product S˜p2n ⋊ Hn, where Hn is the Heisenberg group.
Our definition of the perverse sheaf KR,ψ on BunR (cf. Section 2.3.3) is motivated by our
compatibility result between P and R-models (cf. Corollary 2).
In Section 8 we propose one more conjectural construction of KH via residues of geometric
Eisenstein series (this approach is formalized in Section 1.3). We then apply this to calculate
KH explicitly in the cases of genus zero and one (Propositions 4 and 5). This calculation shows,
in particular, that the generic rank of KH (for a given connected component of BunH) does
depend on the genus of X. In this sense the sheaf KH is not of local nature (as opposed to the
case of the theta-sheaf for the metaplectic group).
In the main body of the paper we work with e´tale Q¯ℓ-sheaves in positive characteristic,
however our Theorem 1 holds also for D-modules in characteristic zero (in Appendix C we
briefly explain how to change the proof of Theorem 1 in this case).
1.3 A geometric approach to residues Let G be a simple, simply-connected group, P ⊂ G
a maximal parabolic subgroup with Levi quotient M . The connected components of BunP are
indexed by π1(M) naturally, write Bun
m
P for the connected component given by m ∈ π1(M).
Note that π1(M) →˜Z. Set S
m = (νmP )!Q¯ℓ, where ν
m
P : Bun
m
P → BunG is the natural map.
Consider the induced representation ind
G(A)
P (A)(χ
s), s ∈ C, where
χ : P(A)→ (M/[M,M ])(A) →˜A∗ → Q∗,
the last map sends a ∈ A∗ to | a |. The simplest residual representations appear inside these
induced representations as non ramified subquotients at points s ∈ C of reducibility. These
points, for an appropriate normalization, correspond also to the (simple) poles of the Eisenstein
series EGP (s).
We suggest that for such s there is an affine function α : Z → Z, α(m) = am+ b such that
for m small enough, the perverse sheaf pHα(m)(Sm) stabilizes (or at least, contains the same
irreducible perverse sheaf K as a subquotient). Then say that the sequence Sr has a residue in
the direction α.
2. Main results
2.1 Notation Let k be an algebraically closed field of characteristic p > 2 (except in Section 3.3
and 7.1-7.4, where we assume k = Fq finite with q odd). All the schemes or stacks we consider
are defined over k.
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Let X be a smooth projective geometrically connected curve of genus g. Write Ω for the
canonical line bundle on X. Fix a prime ℓ 6= p. For a stack S locally of finite type write D(S)
for the category introduced in ([15], Remark 3.21) and denoted Dc(S, Q¯ℓ) in loc.cit. It should
be thought of as the unbounded derived category of constructible Q¯ℓ-sheaves on S. For ∗ = −, b
one has the full subcategory D∗(S) ⊂ D(S) denoted D∗c(S, Q¯ℓ) in loc.cit. Write D
≺(S) ⊂ D(S)
for the full subcategory of complexes K ∈ D(S) such that for any open substack of finite type
U ⊂ S we have K |U∈ D
−(U). Write P(S) ⊂ D(S) for the full subcategory of perverse sheaves.
Fix a nontrivial character ψ : Fp → Q¯
∗
ℓ and denote by Lψ the corresponding Artin-Shreier
sheaf on A1. Fix a square root Q¯ℓ(
1
2) of the sheaf Q¯ℓ(1) on Spec k. If k = Fq the isomorphism
class of such correspond to square roots of q in Q¯ℓ. For a morphism of stacks f : Y → Z write
dim. rel(f) for the function of a connected component C of Y given by dimC − dimC ′, where
C ′ is the connected component of Z containing f(C).
If V → S and V ∗ → S are dual rank r vector bundles over a stack S, write Fourψ : D
≺(V )→
D≺(V ∗) for the Fourier transform given by Fourψ(K) = (pV ∗)!(ξ
∗Lψ⊗p
∗
VK)[r](
r
2), where pV , pV ∗
are the projections and ξ : V ×S V
∗ → A1 is the pairing.
Write Bunr for the stack of rank r vector bundles on X. Our conventions about Z/2Z-
gradings are those of ([18], 3.1). For a group scheme G over X denote by BunG the stack of
G-torsors on X.
For a connected reductive group G over Q¯ℓ write Rep(G) for the category of finite-dimensional
Q¯ℓ-representations of G. Write DP(k) = ⊕d∈ZP(Spec k)[d] ⊂ D(Spec k) for the full subcategory
in D(Spec k). By definition, we have an equivalence of tensor categories Loc : Rep(Gm) →˜ DP(k)
sending St⊗m to Q¯ℓ[m]. Here St is the standard representation of Gm.
If k = Fq then we denote F = k(X), A the adeles of X and O ⊂ A the entire adeles.
2.2 Extended theta sheaf For n > 0 let M0 = O
n⊕Ωn, write Gn for the group scheme on X
of automorphisms of M0 preserving the natural symplectic form ∧
2M0 → Ω. The stack BunGn
classifies M ∈ Bun2n with symplectic form ∧
2M → Ω. Let Hn =M0 ⊕ Ω be the corresponding
Heisenberg group scheme on X, write Gn = Gn ⋊Hn for the corresponding semi-direct product
(cf. Section 3.2 for details).
Write AGn for the line bundle on BunGn with fibre detRΓ(X,M) at M . We view it as a
Z/2Z-graded purely of degree zero. Denote by B˜unGn → BunGn the µ2-gerb of square roots of
AGn . Write Aut for the perverse theta-sheaf on B˜unGn introduced in ([18], Definition 1).
The stack BunGn classifies M1 ∈ Bun2n+2 with symplectic form ∧
2M1 → Ω and a section
v : Ω →֒ M1 whose image is a subbundle. For a point of BunGn write L−1 for the orthogonal
complement to Ω, so M = L−1/Ω ∈ BunGn . Write ρG : BunGn → BunGn for the map sending
(M1, v) to M . Set B˜unGn = B˜unGn ×BunGn BunGn .
Let 0 BunGn ⊂ BunGn be the open substack given by H
0(X,M) = 0, define 0BunGn , 0 B˜unGn ,
0 B˜unGn similarly. Write BunΩ for the stack classifying exact sequences
0→ Ω→?→ O → 0 (1)
on X. Let evΩ : BunΩ → A
1 be the map sending (1) to the corresponding element of H1(X,Ω).
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We have canonically
0 B˜unGn →˜ 0 B˜unGn × BunΩ (2)
Definition 1. Write Auteψ for the intermediate extension of
(Aut⊠ev∗ΩLψ)⊗ (Q¯ℓ[1](
1
2
))1−g
under the open immersion 0 B˜unGn →֒ B˜unGn . Here e stands for ‘extended’, we call Aut
e
ψ the
extended theta-sheaf.
Let Pn ⊂ Gn be the parabolic group subscheme preserving O
n ⊂ M0. Set Pn = Pn ⋊ Hn.
The stack BunPn classifies L ∈ Bunn included into an exact sequence on X
0→ Ω→ L¯ → L → 0 (3)
and an exact sequence on X
0→ Sym2 L¯ →?→ Ω→ 0 (4)
Let Tn be the stack classifying L ∈ Bunn and an exact sequence (3) on X. Let ZTn be the
stack classifying a point of Tn and a splitting s : L¯ → Ω of (3).
Write Z2,Tn for the stack classifying a point of Tn as above and a section s¯ : Sym
2 L¯ → Ω2.
The map hT : ZTn → Z2,Tn over Tn given by s¯ = s⊗ s is a closed immersion. One has a diagram
of dual generalized vector bundles Z2,Tn → Tn ← BunPn over Tn. Let FourZT ,ψ : D
≺(Z2,Tn) →
D≺(BunPn) denote the corresponding Fourier transform functor. Set
KPn,ψ = FourZT ,ψ hT !Q¯ℓ[a],
where a is a function of a connected component of Tn given by dimTn − χ(L), L ∈ Bunn.
Let 0 Bunn ⊂ Bunn be the open substack classifying L ∈ Bunn with H
0(X,Sym2 L) = 0.
Write 0 BunPn for the preimage of
0 Bunn under the map BunPn → Bunn sending the above
point to L. We will define a morphism ν˜P : BunPn → B˜unGn whose restriction to
0 BunPn is
smooth (cf. Section 3.4.3).
Proposition 1. There is an isomorphism over 0BunPn
ν˜∗PAut
e
ψ ⊗(Q¯ℓ[1](
1
2
))dim.rel(ν˜P) →˜KPn,ψ (5)
Remark 1. We conjecture that the isomorphism (5) holds over the whole of BunPn .
We also introduce a finite-dimensional analog of the extended theta-sheaf and calculate all
the ∗-fibres of Auteψ (cf. Section 3).
In the case k = Fq we show that Aut
e
ψ is a geometric analog of the following matrix coefficient
of the Weil representation. Let χ : Ω(A)/Ω(F )→ Q¯∗ℓ be the character
χ(ω) = ψ(
∑
x∈X
trk(x)/k Resωx) (6)
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Denote by (ρ,Sψ) a (unique up to isomorphism) irreducible representation of Hn(A) over Q¯ℓ
with central character χ. Let Gˆn(A) be the metaplectic group defined by this representation
Gˆn(A) = {(g, σ) | g ∈ Gn(A), σ ∈ AutSψ, ρ(gm,ω) ◦ σ = σ ◦ ρ(m,ω) for (m,ω) ∈ Hn(A)}
The sequence is exact
1→ Q¯∗ℓ → Gˆn(A)→ Gn(A)→ 1 (7)
Then Sψ is naturally a representation of Gˆn(A) = Gˆn(A)⋊Hn(A). For a subgroup K ⊂ Gn(A)
write Kˆ for its preimage in Gˆn(A). One checks that Sψ admits a unique up to a multiple non zero
Hn(F )-invariant functional Θ : Sψ → Q¯ℓ. The group Gˆn(F ) acts naturally on the space of such
functionals, this gives a splitting of (7) over Gn(F ). View Gn(F ) ⊂ Gˆn(A) as a subgroup. The
representation Sψ also admits a unique up to a multiple Hn(O)-invariant vector v0, it similarly
yields a splitting of (7) over Gn(O). This yields the subgroups Gn(F ) and Gn(O) of Gˆn(A). Let
φ : Gn(F )\Gˆn(A)/Gn(O)→ Q¯ℓ (8)
be given by φ(g) = Θ(gv0), g ∈ Gˆn(A). Then B˜unGn can be thought of as a geometric analog of
Gn(F )\Gˆn(A)/Gn(O),
and Auteψ is a geometric counterpart of φ.
2.3 Models of the minimal sheaf
Fix n ≥ 2, let H = SO2n be the split orthogonal group over k. We write Hn when we need to
express the dependence on n. Write V0 for the standard representation of H. Write Hˇ for the
Langlands dual group over Q¯ℓ, so Hˇ →˜ SO2n.
The stack BunH classifies V ∈ Bun2n with a non degenerate symmetric form Sym
2(V ) →
OX and a compatible trivialization detV →˜OX . One has π1(H) →˜Z/2Z, and the connected
components BunθH of BunH are naturally indexed by θ ∈ π1(H).
2.3.1 P -model Fix an n-dimensional isotropic subspace U0 ⊂ V0. Let P ⊂ H be the parabolic
subgroup preserving U0. The stack BunP classifies U ∈ Bunn and an exact sequence of OX -
modules
0→ ∧2U →?→ OX → 0 (9)
Let YP be the stack classifying U ∈ Bunn and a section v : ∧
2U → Ω. So, YP and BunP are
dual generalized vector bundles over Bunn.
Let SP be the stack classifying U ∈ Bunn, M ∈ BunG1 and a morphism s : U → M . Let
πP : SP → YP be the morphism sending (U,M, s) to (U, v), where v is the composition
∧2U
∧2s
→ ∧2M →˜Ω
Let ZP ⊂ YP be the closed substack classifying (U, v) such that the generic rank of v : U →
U∗ ⊗ Ω is at most 2. This is equivalent to requiring that ∧3v : ∧3U → ∧3(U∗ ⊗ Ω) vanishes.
Clearly, πP factors as
SP
πP→ ZP →֒ YP
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Let
◦
YP ⊂ YP be the open substack given by the condition that v 6= 0. Let
◦
SP and
◦
ZP be
the preimages of
◦
YP in SP and ZP respectively.
For d ≥ 0 write X(d) for the d-th symmetric power of X. Stratify
◦
ZP by locally closed
substacks ZP,m indexed by m ≥ 0. Here ZP,m is given by the condition that there exists an
effective divisor D ∈ X(m) such that v : ∧2U → Ω(−D) is surjective. Note that ZP,0 ⊂
◦
ZP is
an open substack. The stack ZP,m can be seen as the stack classifying D ∈ X
(m), U ∈ Bunn,
M ′ ∈ Bun2 together with a surjective morphism of OX-modules U →M
′, and an isomorphism
detM ′ →˜Ω(−D).
Write Bundn for the connected component of Bunn classifying U ∈ Bunn with degU = d. Let
BundP , Z
d
P and so on denote the preimage of Bun
d
n in the corresponding stack.
The stack
◦
SP is smooth. The restriction
πP :
◦
SP →
◦
ZP (10)
of πP is representable, proper and surjective, this is an isomorphism over ZP,0. For each d ∈ Z
the stack
◦
SdP is irreducible, so
◦
ZdP is also irreducible.
Proposition 2. 1) If n ≥ 4 then the map (10) is small, and one has canonically
(πP )! IC(
◦
SP ) →˜ IC(
◦
ZP ) (11)
2) If n = 3 then (10) is semi-small, and ⊕
m≥0
IC(ZP,m) is a direct summand of (πP )! IC(
◦
SP ).
Let e Bunn ⊂ Bunn be the open substack given by two conditions H
0(X,∧2U) = 0 and
H0(X,Ω⊗∧2U) = 0 for U ∈ Bunn. Let
eSP ,
e BunP ,
eYP and so on be the preimages of
e Bunn
in the corresponding stacks. Write νP : BunP → BunH for the map induced by P →֒ H. Its
restriction e BunP → BunH is smooth.
Let Z(e, P ) be the set of d ∈ Z such that e
◦
ZdP is not empty. There is N ∈ Z such that
if d ≤ N then d ∈ Z(e, P ). Since
◦
ZdP is irreducible, if d ∈ Z(e, P ) then
e
◦
ZdP ∩ ZP,0 is also
nonempty.
Write FourYP ,ψ : D
≺(YP )→ D
≺(BunP ) for the Fourier transform functor over Bunn. Set
KP,ψ = FourYP ,ψ IC(ZP )
Assume n ≥ 4. We will construct a perverse sheaf KH on BunH irreducible on each connected
component and defined up to a unique isomorphism (cf. Section 2.3.4 and Definition 4 in
Section 7.3.1). Here is our main result.
Theorem 1. For each d ∈ Z(e, P ) there exists an isomorphism over e BundP
ν∗PKH ⊗ (Q¯ℓ[1](
1
2
)dim.rel(νP ) →˜KP,ψ (12)
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Let us formulate a conjectural version of the Hecke property of KH . Write
H←H : Rep(Hˇ)×D(BunH)→ D(X × BunH)
for the Hecke functors on BunH (cf. [19], Section 2.2.1 for a precise definition). Let σ : Gm → Hˇ
be the composition Gm → SL2 → Hˇ, where the second map corresponds to the subregular
unipotent orbit, and the first one is the standard maximal torus. Let E0 : Rep(Hˇ)→ DP(Spec k)
be the functor W 7→ Loc(Resσ(W )), here Resσ : Rep(Hˇ)→ Rep(Gm) is the restiction via σ.
Conjecture 1. There is a functor E1 : Rep(Hˇ)→ DP(Speck) and an isomorphism in D(X ×
BunH)
H←H (W,KH) →˜ (E0(W )⊗KH)[1](
1
2
)⊕ E1(W )
functorial in W ∈ Rep(Hˇ).
In Appendix A we introduce a notion of an almost constant local system on BunH . In
Section 7.6 we prove the following weaker form of Conjecture 1.
Theorem 2. Let x ∈ X. There is a functor E1 : Rep(Hˇ) → D(BunH) with the following
properties. If W ∈ Rep(Hˇ) then E1(W ) is a direct sum of shifted almost constant local systems
on BunH . There is an isomorphism functorial in W ∈ Rep(Hˇ)
xH
←
H (W,KH ) →˜E0(W )⊗KH ⊕ E1(W )
Remark 2. Consider Four−1YP ,ψ(ν
∗
PKH) over the whole of YP , we expect that it is the extension
by zero from ZP .
2.3.2 Q-model Let W0 ⊂ U0 be a 1-dimensional subspace. Let Q ⊂ H be the parabolic
subgroup preserving W0. The stack BunQ classifies V
′ ∈ BunHn−1 , W ∈ Bun1 and an exact
sequence of OX -modules
0→W →?→ V ′ → 0 (13)
Let YQ be the stack classifying W ∈ Bun1, V
′ ∈ BunHn−1 and t : W → V
′ ⊗ Ω. So, YQ and
BunQ are generalized vector bundles over Bun1×BunHn−1 .
Let ZQ ⊂ YQ be the closed substack given by the condition that the composition
W⊗2
t⊗t
→ Sym2(V ′ ⊗ Ω)→ Ω2,
vanishes, that is, the image of t is isotropic.
Let u(Bun1×BunHn−1) ⊂ Bun1×BunHn−1 be the open substack given by H
0(X,V ′⊗W ) = 0
and H0(X,V ′ ⊗W ⊗ Ω) = 0 for W ∈ Bun1, V
′ ∈ BunHn−1 .
Write uYQ,
u BunQ,
uZQ and so on for the preimages of
u(Bun1×BunHn−1) in the corre-
sponding stack. Let νQ : BunQ → BunH be the map induced by Q →֒ H. Its restriction
uBunQ → BunH is smooth.
Write FourYQ,ψ : D
≺(YQ)→ D
≺(BunQ) for the Fourier transform functor. Set
KQ,ψ = FourYQ,ψ IC(ZQ)
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Conjecture 2. There exists an isomorphism over u BunQ
ν∗QKH ⊗ (Q¯ℓ[1](
1
2
))dim.rel(νQ) →˜KQ,ψ (14)
We prove that P and Q-models are compatible. Namely, in Section 5 we define an open
substack ⋄BunP∩Q ⊂ BunP∩Q and show that the restrictions of KQ,ψ and of KP,ψ to
⋄BunP∩Q
are isomorphic up to a shift (cf. Proposition 10). Note that P ∩Q contains a Borel subgroup of
H. This implies that the pointwise Euler-Poincare characteristics of KP,ψ (resp., of KQ,ψ) are
constant along the fibres of the projection νP :
e BunP → BunH (resp., νQ :
uBunQ → BunH),
cf. Proposition 12.
Remark 3. Consider Four−1YQ,ψ(ν
∗
QKH) over the whole of YQ, we expect it to be the extension by
zero from ZQ.
2.3.3 R-model Fix a 2-dimensional subspace U0,2 ⊂ U0. Let R ⊂ H be the parabolic subgroup
preserving U0,2, we call it the Heisenberg parabolic. The stack BunR classifies V ∈ BunH with
an isotropic subbundle U2 ⊂ V , where U2 ∈ Bun2. For (U2 ⊂ V ) ∈ BunR write V
′ = V−2/U2 ∈
BunHn−2 , where V−2 is the orthogonal complement of U2 in V . We also need the stack BunPn−2
classifying (U ′ ⊂ V ′), where V ′ ∈ BunHn−2 and U
′ is an isotropic subbundle of rank n− 2.
Let YR be the stack classifying (U2 ⊂ V ) ∈ BunR and a section v2 : ∧
2U2 → Ω. Let
fR : YR → BunR be the projection forgetting v2. Write jR :
◦
YR →֒ YR for the open substack
given by v2 6= 0.
Let XR be the stack classifying (U2 ⊂ V ) ∈ BunR and an upper modification s2 : U2 ⊂ M
equipped with detM →˜Ω. Here M ∈ Bun2 and s2 is an inclusion of coherent OX-modules. Let
πR : XR →
◦
YR
be the map over BunR given by v2 = ∧
2s2. The map πR is representable and proper. In
Section 6.2.2 we define a natural map
ρ˜R : XR → B˜unG2n−4 (15)
Let ♭(Bun2×BunPn−2) ⊂ Bun2×BunPn−2 be the open substack given by
H0(X,Sym2(U2 ⊗ U
′)) = H0(X,Ω ⊗ ∧2U ′) = H0(X,U2 ⊗ U
′∗ ⊗ Ω) = 0 (16)
for (U2, U
′ ⊂ V ′) ∈ Bun2×BunPn−2 . The projection is smooth
id×νP :
♭(Bun2×BunPn−2)→ Bun2×BunHn−2 (17)
Let w(Bun2×BunHn−2) ⊂ Bun2×BunHn−2 be the intersection of the image of (17) with the
open substack given by the conditions
H0(X,∧2U2) = H
0(X,Ω ⊗ ∧2U2) = H
0(X,Ω ⊗ U2 ⊗ V
′) = 0 (18)
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Informally, (U2, V
′) ∈ w(Bun2×BunHn−2) if U2 is sufficiently ‘negative’ and V
′ is ‘sufficiently
stable’ compared to U2.
Let w
◦
YR,
wYR,
w BunR and so on denote the preimage of
w(Bun2×BunHn−2) in the corre-
sponding stack.
Let νR : BunR → BunH be the map induced by R →֒ H. Its restriction to
w BunR is smooth.
The following is proved in Section 6.3.
Proposition 3. The complex
(πR)!ρ˜
∗
RAut
e
ψ⊗(Q¯ℓ[1](
1
2
))dim.rel(ρ˜R) (19)
is perverse over the open substack w
◦
YR ⊂
◦
YR.
Let FR,ψ be the intermediate extension of (19) under jR :
w
◦
YR →֒
wYR. For the projection
fR :
wYR →
w BunR we set
KR,ψ = (fR)!FR,ψ ∈ D
≺(wBunR) (20)
Conjecture 3. The complex (20) is a perverse sheaf on w BunR, and there exists an isomor-
phism over w BunR
ν∗RKH ⊗ (Q¯ℓ[1](
1
2
))dim.rel(νR) →˜KR,ψ (21)
A partial evidence for Conjecture 3 is provided in Section 6. Namely, in Section 6.3 we define
an open substack w♭BunP∩R ⊂ BunP∩R and show that the restrictions of KP,ψ and of KR,ψ to
w♭BunP∩R are isomorphic up to a shift (cf. Corollary 2). Note that here P ∩R contains a Borel
subgroup of H.
2.3.4 Actual construction of KH We don’t know in general if KH is nonzero at the generic
point of each connected component of BunH . For this reason it is not clear if the isomorphisms
of Theorem 1 or Conjectures 2,3 characterize KH up to a unique isomorphism.
Our actual construction of KH is via the theta-lifting for the dual pair (G1,H). Write
AutG1,H for the complex on BunG1 ×BunH introduced in ([19], Definition 2). This is the kernel
of the theta-lifting functor from BunG1 to BunH .
Let qH : BunG1 ×BunH → BunH be the projection. Since BunG1 is not of finite type, the
complex qH!AutG1,H does not make sense literally (at the level of functions for k = Fq the
corresponding integral is also divergent).
For a ∈ Z write aBunG1 ⊂ BunG1 for the open substack classifying M ∈ BunG1 such that
for any line bundle L on X with deg(L) ≤ a one has Hom(M,L) = 0. The stack a BunG1 is of
finite type. Let aq : a BunG1 × BunH → BunH be the projection. Set
aK˜ = (aq!)AutG1,H ∈ D
≺(BunH) (22)
For a ∈ Z write a Bunn ⊂ Bunn for the open substack classifying U ∈ Bunn such that for
any line bundle L on X of degree ≤ a one has Hom(U,L) = 0. Write ea Bunn,
e
a BunP and so on
for the preimage of a Bunn in the corresponding stack.
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First, using the compatibilities of P and Q-models, we find an open substack of finite type
UH ⊂ BunH large enough such that the sheaf KH we are looking for should not vanish over U
b
H
for each b ∈ Z/2Z, where U bH = UH ∩Bun
b
H . We also find a ∈ Z small enough with the following
property. Let
K˜U =
pH0(aK˜) |UH
We prove that for each b ∈ Z/2Z there is a unique irreducible subquotientKU ,b in K˜U |UbH
with the
following properties. Let KH be the intermediate extension of KU ,0 ⊕KU ,1 under UH →֒ BunH .
Then Theorem 1 holds for this KH . Moreover, all the other irreducible subquotients of K˜U are
shifted almost constant local systems on BunH (cf. Proposition 15). The notion of an almost
constant local system is introduced in Appendix A.
Moreover, for any i 6= 0 and any irreducible subquotient F of pHi(aK˜) |UH , let F¯ be the
intermediate extension of F under UH →֒ BunH . Then F¯ is a shifted almost constant local
system on BunH (cf. Remark 13).
Remark 4. Most of our results hold also for k = Fq, the corresponding changes are left to the
reader. Part 2) of Proposition 2 holds over k algebraically closed only as it uses the decomposition
theorem ([2], Corollary 5.4.6).
2.4 In Section 8 we propose one more conjectural construction of the perverse sheaf KH via
residues of geometric Eisenstein series. We do not completely check that it indeed produces KH
except in cases g = 0 and g = 1. In the present paper, the construction via Eisenstein series for
us is rather a way to calculate KH explicitly in these particular cases.
2.4.1 Case g = 0 Recall that BunH admits the Shatz stratification indexed by dominant
coweights Λ+H of H (cf. Section 8.7). Write Shatz
λ for the Shatz stratum corresponding to
λ ∈ Λ+H . For b ∈ Z/2Z write OSh
b for the open Shatz stratum in BunbH . For b = 0 (resp., b = 1)
let λ = (1, 1, 0, . . . , 0) (resp., λ = (1, 1, 1, 0, . . . , 0)). We show that for each b ∈ Z/2Z the stack
BunbH −OSh
b is irreducible, and its open Shatz stratum is Shatzλ. Call Shatzλ the subregular
Shatz stratum in BunbH by analogy with subregular unipotent orbits.
Proposition 4. Assume g = 0. For each b ∈ Z/2Z one has KH →˜ IC(Shatz
λ) over BunbH ,
where Shatzλ is the subregular Shatz stratum in BunbH .
2.4.2 Case g = 1 In Section 8.8 we introduce an open substack W0H ⊂ Bun
0
H with the following
property. Let T ⊂ H be the standard maximal torus, W be the Weyl group of (T,H). Let
ν0T : Bun
0
T → Bun
0
H be the natural map. Then over W
0
H the map ν
0
T is a Galois covering with
Galois group W . For an irreducible representation σ of W write Lσ for the perverse sheaf on
BunH , the intermediate extension underW
0
H →֒ Bun
0
H of the isotypic component of (ν
0
T )!Q¯ℓ |W0H
corresponding to σ. Then Lσ is an irreducible perverse sheaf.
Recall that H1(X,µ2) →˜ (Z/2Z)
2. Let τ1 : Speck → Bun1H2 be the map given by
V =
∑
α∈H1(X,µ2)
Aα,
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where the symmetric form on V is the orthogonal sum of the canonical forms A2α →˜OX . Here
Aα denotes the line bundle obtained from α via extension of scalars µ2 ⊂ Gm. Note that V
is semistable, it admits no isotropic line (or rank 2) subbundles of degree zero. The map τ1 is
e´tale, write W1H2 for its image. Actually, W
1
H2
is the classifying stack of (Z/2Z)3.
Let f1 : Bun1H2 ×Bun
0
Hn−2 → Bun
1
H be the map sending (V, V
′) to V ⊕ V ′, the symmetric
form being the orthogonal direct sum of forms for V, V ′. The restriction of f1 to W1H2 ×W
0
Hn−2
is e´tale, write W1H for the image of W
1
H2
×W0Hn−2 under f
1.
Recall that the symmetric group Sn is naturally a quotient of W . The standard repre-
sentation of Sn in Q¯
n
ℓ by permutations decomposes as Q¯ℓ ⊕ σn, where σn is an irreducible
(n − 1)-dimensional representation. View σn as a representation of W . Note that σn is also a
subrepresentation of the standard representation of Hˇ →˜ SO2n restricted to its Weyl group.
Proposition 5. Assume g = 1. Over Bun0H the perverse sheaf KH is isomorphic to Lσn . The
restriction of KH under the etale map
f1 :W1H2 ×W
0
Hn−2 → Bun
1
H
is isomorphic to the irreducible perverse sheaf Q¯ℓ ⊠Lσn−2 . In particular, over W
0
H (resp., W
1
H)
the perverse sheaf KH is a (shifted) local system of rank n − 1 (resp., n − 3). For n = 4 this
local system over W1H is of order two.
Since KH does not vanish at each generic point of BunH , the isomorphism (12) of Theorem 1
in the case g = 1 determines KH up to a unique isomorphism over each connected component
of BunH (cf. Proposition 16).
Remark 5. The isomorphism (12) does not hold over the whole of e BunP . Indeed, Proposition 5
shows that for g = 1 it does not hold over e Bun0P and 0 /∈ Z(e, P ).
2.5 In Section 9 we propose Conjecture 4 generalizing our construction for other simple algebraic
groups, which admit a maximal parabolic subgroup with an abelian unipotent radical. Conjec-
ture 4 should lead, in particular, to the geometric analogs of the minimal representations for E6
and E7.
3. Extended theta sheaf
3.1.1 Keep notations of Section 2.2. Let V be a k-vector space of dimension d. Recall that
Sym2(V ) is the quotient of V ⊗ V by the subspace generated by the vectors v1 ⊗ v2 − v2 ⊗ v1,
vi ∈ V . Its dual identifies canonically with the space ST
2(V ∗) of symmetric tensors in V ∗⊗ V ∗.
View ST2(V ∗) as the space of symmetric bilinear forms on V .
Let pV : V → Sym
2 V be the map sending v to v ⊗ v. It is finite, a Galois S2-covering over
its image Im pV with zero removed. Consider the diagram
A1
evV← V ∗ × V
id×pV→ V ∗ × Sym2(V ),
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where evV is the natural pairing. Write Four2,ψ : D
b(V ∗ × Sym2(V )) →˜ Db(V ∗ × ST2(V ∗)) for
the Fourier transform along Sym2 V . Set
Seψ = Four2,ψ((id×pV )!ev
∗
V Lψ)[2d](d), (23)
where e stands for ‘extended’. This is a perverse sheaf on V ∗ × ST2(V ∗), and D(Seψ) →˜S
e
ψ−1
canonically.
Let σ be the automorphism of V of multiplication by −1. Then σ∗ev∗V Lψ →˜ ev
∗
V L
∗
ψ. Since
the characteristic is not 2, (ev∗V Lψ)
⊗2 is nontrivial for d > 0, and
(pV × id)!ev
∗
V Lψ[2d]
is an irreducible perverse sheaf. Thus, Seψ is also irreducible.
Let i : Spec k →֒ V ∗ be the zero section. For the map i× id : ST2(V ∗) →֒ V ∗ × ST2(V ∗) set
Sψ = (i× id)
∗Seψ[−d](−
d
2
)
Then Sψ identifies canonically with the perverse sheaf introduced in ([18], Section 4.1). In this
sense Seψ extends Sψ.
Note that Seψ is GL(V )-equivariant. Let ρV : V
∗×ST2(V ∗)→ (V ∗×ST2(V ∗))/GL(V ) denote
the stack quotient. Denote by Seψ an irreducible perverse sheaf on (V
∗ × ST2(V ∗))/GL(V )
equipped with an isomorphism ρ∗V S
e
ψ[d
2](d
2
2 ) →˜S
e
ψ. The perverse sheaf S
e
ψ is defined up to a
unique isomorphism.
Remark 6. For b : V → V ∗ with b∗ = b let βb : V → A
1 be the map v 7→ 〈v, bv〉. One has a
usual ambiguity in identifying ST2(V ∗) with Sym2(V ∗), namely, b goes to βb or
1
2βb.
3.1.2 Let Qi(V ) ⊂ ST
2(V ∗) be the locally closed subscheme of b : V → V ∗ symmetric such
that dimKer b = i. Let Q′i(V ) ⊂ V
∗ ×Qi(V ) be the closed subscheme of pairs (v
∗, b) such that
v∗ ∈ (V/V0)
∗, where V0 = Ker b.
Proposition 6. The ∗-restriction of Seψ to V
∗×Qi(V ) is the extension by zero from Q
′
i(V ) of a
GL(V )-equivariant rank one local system placed in usual cohomological degree −d+i−d(d+1)/2.
Proof For b : V → V ∗ with b∗ = b and v∗ ∈ V ∗ let βb,v∗ : V → A
1 be the map v 7→ 〈v, bv〉+〈v, v∗〉.
Let V0 = Ker b and p0 : V → V/V0 be the projection. Then (p0)!β
∗
b,v∗Lψ will vanish unless
v∗ ∈ (V/V0)
∗.
We are reduced to the case V0 = 0. In this case, over the algebraic closure k¯, in a suitable
affine coordinates of V the quadratic form v 7→ βb,v∗(v) writes as (x1, . . . , xd) 7→ x
2
1+ . . .+x
2
d+a
for some a ∈ k¯. Our assertion follows now from ([18], Lemma 3). 
Let φV : V
∗×Q0(V )→ A
1 be the map (v∗, b) 7→ 14〈v
∗, b−1v∗〉. Here we have viewed b ∈ Q0(V )
as a symmetric isomorphism b : V →˜V ∗. Let qV denote the composition V
∗×Q0(V )→ Q0(V ) →֒
ST2(V ∗), where the first map is the projection.
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Proposition 7. There is a canonical isomorphism over V ∗ ×Q0(V )
φ∗V Lψ ⊗ S
e
ψ →˜ q
∗
V Sψ[d](
d
2
)
Proof Let (v∗, b) ∈ V ∗ × Q0(V ) and v ∈ V . The change of variables w = v + b
−1v∗/2 gives
〈v, bv〉 + 〈v, v∗〉 = 〈w, bw〉 − 14〈b
−1v∗, v∗〉. Our assertion follows. 
3.1.3 We will need a relative version of the above construction. Let S be a smooth stack locally
of finite type. Let V → S be a vector bundle of rank d. For the diagram as above
A1
evV← V∗ ×S V
id×pV
→ V∗ ×S Sym
2(V)
write Four2,ψ : D
b(V∗×S Sym
2 V) →˜ Db(V∗×S ST
2(V∗)) for the Fourier transform along Sym2 V.
By abuse of notation, we also denote
Seψ = Four2,ψ((id×pV)!ev
∗
VLψ)⊗ (Q¯ℓ[1](
1
2
))2d+dimS (24)
Note that V yields a morphism of stacks
αV : V
∗ ×S ST
2(V∗)→ (V ∗ × ST2(V ∗))/GL(V )
and (24) is canonically isomorphic to α∗VS
e
ψ ⊗ (Q¯ℓ[1](
1
2 ))
dim.rel(αV ).
3.2 Write Gn for the group scheme on X of automorphisms of M0 = O
n ⊕ Ωn preserving the
natural symplectic form ∧2M0 → Ω. Write Hn = M0 ⊕ Ω for the corresponding Heisenberg
group with operation
(m1, ω1)(m2, ω2) = (m1 +m2, ω1 + ω1 +
1
2
〈m1,m2〉)
The group scheme Gn acts on Hn by group automorphisms so that g ∈ Gn sends (m,ω) ∈ Hn
to (gm,ω). Write an element of Gn = Gn ⋊Hn as (g, (m,ω)) with g ∈ Gn, (m,ω) ∈ Hn then
the product in Gn is given by
(g1, (m1, ω1))(g2, (m2, ω2)) = (g1g2, (g
−1
2 m1, ω1)(m2, ω2))
Recall the subgroup Pn ⊂ Gn (cf. Section 2.2). The stack BunPn classifies L ∈ Bunn and an
exact sequence 0 → Sym2L →? → Ω → 0 on X, it gives rise to an exact sequence 0 → L →
M → L∗ ⊗ Ω→ 0 with M ∈ BunGn .
3.3 For Section 3.3 we assume k = Fq. Write L = O
n, this is a lagrangian subbundle in
M0 = L⊕ L
∗ ⊗ Ω.
Write S(L∗ ⊗ Ω(A)) for the Schwarz space of locally constant Q¯ℓ-valued functions with
compact support on L∗ ⊗ Ω(A). This is a model of the Weil representation of Hn(A), in which
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the metaplectic extension (7) naturally splits over Pn(A). The purpose of this section is to give
an explicit formula for the restriction
φP : Pn(F )\Pn(A)/Pn(O)→ Q¯ℓ
of (8). Recall the character χ : Ω(A)/Ω(O) → Q¯∗ℓ given by (6). The action of Pn(A) in
S(L∗ ⊗ Ω(A)) is given by the following formulas.
For l1 ∈ L(A), l
∗
1 ∈ L
∗ ⊗ Ω(A), ω ∈ Ω(A) and f ∈ S(L∗ ⊗ Ω(A)) the action of (l1 + l
∗
1, ω) ∈
Hn(A) on f is the function
l∗ ∈ L∗ ⊗ Ω(A) 7→ χ(ω + 〈l∗, l1〉+
1
2
〈l∗1, l1〉)f(l
∗ + l∗1)
Write A∗ for the ideles of X. For a ∈ A∗ write | a |∈ Q¯∗ℓ for the absolute value of a. For a
vector bundle W on X and g ∈ GL(W)(A) write | g |=| det g |.
Let a ∈ GL(L)(A), b ∈ Hom(L∗ ⊗ Ω, L)(A). The action of
g =
(
a b
0 a∗−1
)
∈ Pn(A) (25)
on f is the function
l∗ ∈ L∗ ⊗ Ω(A) 7→ | a |
1
2 χ(
1
2
〈a∗l∗, b∗l∗〉)f(a∗l∗)
Let g be given by (25) and m = l1 + l
∗
1 ∈ M0(A), ω ∈ Ω(A). It follows that the action of
(g, (m,ω)) ∈ Pn(A) on f is the function
l∗ ∈ L∗ ⊗ Ω(A) 7→ | a |
1
2 χ(
1
2
〈a∗l∗, b∗l∗〉)χ(ω + 〈a∗l∗, l1〉+
1
2
〈l∗1, l1〉)f(a
∗l∗ + l∗1)
The theta-functional Θ : S(L∗ ⊗ Ω(A))→ Q¯ℓ (cf. Section 2.2) sends f to∑
l∗∈L∗⊗Ω(F )
f(l∗)
Let φ0 be the characteristic function of L
∗ ⊗ Ω(O), this is a unique up to a multiple Hn(O)-
invariant vector in S(L∗ ⊗ Ω(A)). So, the value of φP on (g, (m,ω)) ∈ Pn(A) is∑
l∗∈L∗⊗Ω(F )
| a |
1
2 χ(
1
2
〈a∗l∗, b∗l∗〉)χ(ω + 〈a∗l∗, l1〉+
1
2
〈l∗1, l1〉)φ0(a
∗l∗ + l∗1) (26)
One has a canonical bijection
{L ∈ Bunn(k), α : L(F ) →˜L(F )} →˜ GL(L)(A)/GL(L)(O) (27)
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One also has a canonical bijection
BunPn(k) →˜Pn(F )\Pn(A)/Pn(O),
where BunPn(k) is the set of isomorphism classes of Pn-torsors on X. Recall that BunPn is the
stack classifying pairs of exact sequences (3) and (4) on X (cf. Section 2.2).
Consider a point FPn ∈ BunPn given by this pair of exact sequences and corresponding to the
double class of (g, (m,ω)) ∈ Pn(A). We assume that g is given by (25). Let L ∈ Bunn together
with a trivialization α : L(F ) →˜L(F ) correspond to aGL(L)(O) ∈ GL(L)(A)/GL(L)(O) via
(27).
For each closed point x ∈ X write Fx for the completion of F at x, write Ox ⊂ Fx for the
completion of OX at x. For x ∈ X we have a diagram
L∗(Fx)
α∗
→ L∗(Fx)
∪ ∪
a∗−1L∗(Ox)
α∗
→ L∗(Ox),
where the horizonal arrows are isomorphisms.
Recall that H1(X,L) →˜L(A)/(L(F ) + L(O)) canonically. In particular,
H1(X,L∗ ⊗ Ω) →˜L∗ ⊗ Ω(A)/(a∗−1(L∗ ⊗ Ω)(O) + (L∗ ⊗ Ω)(F )) (28)
The extension (3) is given by the image of a∗−1l∗1 ∈ L
∗ ⊗ Ω(A) in (28). Clearly, (26) vanishes
unless there is l∗ ∈ L∗ ⊗ Ω(F ) with a∗l∗ + l∗1 ∈ L
∗ ⊗ Ω(O). That is, the image of a∗−1l∗1 in
H1(X,L∗ ⊗ Ω) vanishes and (3) splits. So, φP(FPn) = 0 unless (3) splits.
Now it is convenient to assume that l∗1 = 0. Fix a splitting L¯ →˜Ω ⊕ L of (3). Since
Ω−1 ⊗ Sym2(L¯) →˜Ω⊕ (Ω−1 ⊗ Sym2 L)⊕ L, the datum of FPn becomes a datum of three exact
sequences (1) given by ξ ∈ H1(X,Ω),
0→ Sym2 L →?→ Ω→ 0 (29)
given by γ ∈ H1(X,Ω−1 ⊗ Sym2 L) and
0→ L →?→ O → 0 (30)
given by δ ∈ H1(X,L). Note that δ corresponds to the image of l1 in H
1(X,L), and ξ is the
image of ω in Ω(A)/(Ω(F ) + Ω(O)).
Note that
{l∗ ∈ L∗ ⊗ Ω(F ) | a∗l∗ ∈ L∗ ⊗ Ω(O)}
α∗
→ H0(X,L∗ ⊗ Ω)
is a bijection, so
φP(FPn) =
∑
s∈H0(X,L∗⊗Ω)
| a |
1
2 ψ(〈s ⊗ s, γ〉+ 〈s, δ〉 + ω) (31)
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3.4.1 Geometrization Let fP : BunPn → Bunn be the map sending a pair (3) and (4) to
L. Write c Bunn ⊂ Bunn for the open substack of L ∈ Bunn given by H
0(X,L) = 0. Write
c BunPn ⊂ BunPn for the preimage of c Bunn under fP.
Let νY : Y → cBunPn be the stack classifying a point of c BunPn as above together with a
splitting of (3). Note that νY is a torsor under a vector bundle on c BunPn with fibre Hom(L,Ω).
The stack Y can be seen as the stack classifying L ∈ c Bunn and exact sequences (1) given
by ξ ∈ H1(X,Ω), (29) given by γ ∈ H1(X,Ω−1 ⊗ Sym2L) and (30) given by δ ∈ H1(X,L).
Let pX : X → Y be the stack over Y classifying the same objects as Y together with
s ∈ Hom(L,Ω). Let evX : X → A
1 be the map sending the above point to ξ+ 〈s⊗ s, γ〉+ 〈s, δ〉.
It is understood that s⊗ s ∈ Hom(Sym2 L,Ω2). Set
KY ,ψ = pX !ev
∗
XLψ ⊗ (Q¯ℓ[1](
1
2
)dimX ,
where dimX is the dimension of the corresponding connected component of X . Then KY ,ψ is a
geometric analog of (31).
3.4.2 Let V → cBunn be the vector bundle with fibre Hom(L,Ω) at L ∈ c Bunn. The dual vector
bundle V∗ → c Bunn classifies L ∈ cBunn and an extension (30) onX. SetW = V×c BunnV
∗. Let
W2 → V
∗ be the stack classifying a point of V∗ together with an element of Hom(Sym2 L,Ω2).
Let W∗2 → V
∗ be the stack classifying a point of V∗ as above together with an exact sequence
(29) on X. Write FourW ,ψ : D(W2)→ D(W
∗
2 ) for the Fourier transform over V
∗.
Let p2,W :W →W2 be the map over V
∗ sending s ∈ Hom(L,Ω) to s⊗s ∈ Hom(Sym2 L,Ω2).
The map p2,W is finite, an S2-covering over the image of Im p2,W with removed zero section. Let
evW :W → A
1 be the natural pairing between V and V∗. Then Y →˜W∗2 × BunΩ naturally. By
definition,
KY ,ψ →˜ FourW ,ψ((p2,W)!ev
∗
WLψ)⊠ ev
∗
ΩLψ ⊗ (Q¯ℓ[1](
1
2
))dimW+dimBunΩ
As in Section 3.1.1, one shows now that KY ,ψ is a perverse sheaf irreducible over each connected
component of Y, and D(KY ,ψ) →˜KY ,ψ−1 canonically.
There is a natural map
fW :W
∗
2 → V
∗ ×c Bunn ST
2(V∗)
defined as follows. The transpose to the linear map Sym2H0(X,L∗ ⊗ Ω) → Hom(Sym2 L,Ω2)
is a map H1(X,Ω−1 ⊗ Sym2 L) → ST2(H1(X,L)) denoted γ 7→ γ¯. Then fW sends (L, γ, δ) to
(L, γ¯, δ). For the perverse sheaf Seψ on V
∗ ×c Bunn ST
2(V∗) defined in Section 3.1.3 one gets an
isomorphism
KY ,ψ →˜ (f
∗
WS
e
ψ ⊠ ev
∗
ΩLψ)⊗ (Q¯ℓ[1](
1
2
))dim.rel(fW )+dimBunΩ
Proposition 8. There is a canonical isomorphism over Y
ν∗YKPn,ψ ⊗ (Q¯ℓ[1](
1
2
))dim.rel(νY ) →˜KY ,ψ
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Proof Let cTn be the preimage of c Bunn in Tn, and similarly for cZTn , cZ2,Tn . Let V2 → c Bunn
be the stack classifying L ∈ c Bunn and a section
s¯ : Sym2(L ⊕ Ω)→ Ω2
Let h¯T : V → V2 be the morphism over c Bunn sending s1 ∈ Hom(L,Ω) to s¯ = s ⊗ s with
s = (s1, id) : L⊕Ω→ Ω. Let νT : c Bunn → cTn be the map sending L to L¯ = L⊕Ω. After the
base change by νT , the diagram
cZTn → cTn ← c BunPn
ց hT ↑
cZ2,Tn
identifies with the diagram
V → c Bunn ← Y
ց h¯T ↑
V2
We have V ×c Bunn Y →˜X naturally. The stacks V2 and Y are dual (generalized) vector bundles
over c Bunn, write evVY : V2 ×c Bunn Y → A
1 for the natural pairing. The diagram commutes
V ×c Bunn Y →˜ X
↓ h¯T ×id ↓ evX
V2 ×c Bunn Y
evVY
→ A1
Our assertion follows. 
3.4.3 Let νP : BunPn → BunGn be the morphism induced by the inclusion Pn → Gn. We lift
it to a morphism ν˜P : BunPn → B˜unGn sending a point (3) and (4) of BunPn to (Ω
v
→֒ M1,B).
Here B = detRΓ(X,L∗ ⊗ Ω) is equipped with the Z/2Z-graded isomorphism
B2 →˜ detRΓ(X,M)
given by the exact sequence 0 → L → M → L∗ ⊗ Ω → 0. We have denoted here M = L−1/Ω,
where L−1 is the orthogonal complement of Ω in M1.
Recall the open substack 0Bunn ⊂ c Bunn introduced in Section 2.2. The restriction νP :
0 BunPn → BunGn of νP is smooth, hence ν˜P :
0 BunPn → B˜unGn is also smooth.
Recall that 0 BunGn is the preimage of 0 BunGn under ρG : BunGn → BunGn . For a point
(Ω ⊂ L−1 ⊂M1) of 0BunGn the exact sequence 0→ Ω→ L−1 →M → 0 splits canonically, this
yields an isomorphism 0 BunG →˜ 0 BunG × BunΩ sending the above point to M = L−1/Ω and
(1), which is the push-forward of 0→ L−1 →M1 → O → 0 by L−1 → Ω. This in turn gives the
isomorphism (2).
Proof of Proposition 1
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Write 0Y for the preimage of 0BunPn under νY : Y → c BunPn . Then νY :
0Y → 0 BunPn is a
torsor under the vector bundle V ×c Bunn
0BunPn . Since both sides of (5) are perverse, it suffices
to establish an isomorphism over 0Y
ν∗Y ν˜
∗
PAut
e
ψ ⊗(Q¯ℓ[1](
1
2
))dim.rel(νY )+dim.rel(νP) →˜KY ,ψ (32)
Write 00Y for the preimage of 0 B˜unGn under ν˜P ◦ νY :
0Y → B˜unGn . Since KY ,ψ is irreducible
over each connected component of Y, and Auteψ is the intermediate extension from 0 B˜unGn , it
suffices to establish the isomorphism (32) over 00Y.
Let 0 BunPn be the preimage of 0BunGn in BunPn , and similarly for
0
0BunPn .
The stack 00BunPn classifies L ∈
0 Bunn, an exact sequence (1) given by ξ1 ∈ H
1(X,Ω) and
a point (4) of 0BunPn given by γ1 ∈ H
1(X,Ω−1 ⊗ Sym2L). Now 00Y can be seen as a stack
classifying a point (L, γ1, ξ1) ∈
0
0BunPn and a section s1 : L → Ω (here s1 gives a new splitting
of the exact sequence 0→ Ω→ Ω⊕L → L → 0).
Another description of 00Y was given in Section 3.4.1, namely, it is a stack classifying L ∈
0 Bunn and the exact sequences (1) given by ξ ∈ H
1(X,Ω), (29) given by γ ∈ H1(X,Ω−1 ⊗
Sym2 L) and (30) given by δ ∈ H1(X,L).
Given a point in the first description of 00Y, the corresponding point (L, ξ, γ, δ) ∈
0
0Y in the
second description is as follows. We have to take the push-forward of
(γ1, ξ1) ∈ Ext
1(Ω,Sym2(L ⊕ Ω))
by ǫ ⊗ ǫ : Sym2(L ⊕ Ω) → Sym2(L ⊕ Ω). Here ǫ is the automorphism of L ⊕ Ω acting trivially
on Ω and whose restriction to L is (id, s1) : L → L⊕ Ω. Thus, γ = γ1, δ is the push-forward of
γ1 by s1 ⊗ id+ id⊗s1 : Sym
2L → L⊗ Ω, and ξ = ξ1 + 〈s1 ⊗ s1, γ1〉.
To simplify notations, we give the rest of the proof at the level of functions, the geometrization
is straightforward. By ([18], Proposition 7), the LHS of (32) at (L, γ1, ξ1, s1) ∈
0
0Y equals
ψ(ξ1)
∑
u∈Hom(L,Ω)
ψ(〈u⊗ u, γ1〉)
and the RHS of (32) equals∑
u∈Hom(L,Ω)
ψ(ξ + 〈γ, u⊗ u〉+ 〈δ, u〉) =
∑
u∈Hom(L,Ω)
ψ(ξ1 + 〈(s1 + u)⊗ (s1 + u), γ1〉)
We are done. 
Remark 7. The isomorphism (5) is not canonical, it depends on a choice of an isomorphism in
([18], Proposition 7).
4. P -model and theta-lifting
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4.1 Keep notations of Section 2.3. Let sm Bunn ⊂ Bunn be the open substack classifying U ∈
Bunn such that H
0(X,Ω⊗∧2U) = 0. Write smBunP for the preimage of
sm Bunn in BunP . The
restriction sm BunP → BunH of νP is smooth, hence
e BunP → BunH is also smooth.
To see that
◦
SP is smooth, first consider the stack classifying M
∗ ∈ Bun2 equipped with
an isomorphism detM∗ →˜Ω−1, a coherent sheaf F of generic rank n − 2 on X and an exact
sequence 0 → M∗ → L → F → 0 on X. This stack is smooth, and its open substack given by
the condition that L is locally free identifies with
◦
SP .
Proof of Proposition 2 The connected components of
◦
ZP are
◦
ZdP for d ∈ Z, and
◦
ZdP is irreducible.
The stack ZP,m is smooth for any m ≥ 0. Consider its connected component U contain-
ing a point η = (s : U → M ′,D ∈ X(m)), where U ∈ Bunn, M
′ ∈ Bun2 is equipped with
detM ′ →˜Ω(−D), and s is surjective. One checks that the dimension of this connected compo-
nent is
m(1− n)− 2 degU + (n2 + 3)(g − 1)
So, the codimension of U in the corresponding connected component of
◦
ZP equals m(n−1). The
fibre of (10) over η is the scheme of upper modifications M ′ ⊂ M such that div(M/M ′) = D.
This fibre is connected and its dimension is m. Our assertion follows. 
Our construction of KH is based on the following explicit formula for AutG1,H . Let fS : SP →
BunG1 ×YP be the map sending (U
s
→M) ∈ SP to the collection M ∈ BunG1 , (U, v) ∈ YP with
v : ∧2U → Ω, where (U, v) is the image of (U,M, s) under πP : SP → YP . As in Section 2.3.1,
by some abuse of notation, write
FourYP ,ψ : D
≺(BunG1 ×YP )→ D
≺(BunG1 ×BunP )
for the Fourier transform over BunG1 ×Bunn. The following is an immediate consequence of
([20], Proposition 1).
Proposition 9. For the map id×νP : BunG1 ×BunP → BunG1 ×BunH there is an isomorphism
(id×νP )
∗AutG1,H ⊗(Q¯ℓ[1](
1
2
))dim.rel(νP ) →˜ FourYP ,ψ(fS!(Q¯ℓ[1](
1
2
))b), (33)
where b is a function of a connected component of SP whose value at (U,M, s) ∈ SP equals
dimBunn+dimBunG1 +χ(U
∗ ⊗M). 
Note that for the function b from Proposition 9 its restriction to
◦
SP equals dim
◦
SP .
Recall that for a ∈ Z one has the open substack aBunn ⊂ Bunn introduced in Section 2.3.4.
If a′ ≤ a then a Bunn ⊂ a′ Bunn is open. One checks that ∪
a∈Z
a Bunn = Bunn. Similarly, if a
′ ≤ a
then a BunG1 ⊂ a′ BunG1 is open and ∪
a∈Z
a BunG1 = BunG1 . For the complex aK˜ given by (22)
this implies the following.
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Corollary 1. 1) For all a ∈ Z there is an isomorphism over a
◦
YP .
Four−1YP ,ψ ν
∗
P (aK˜)⊗ (Q¯ℓ[1](
1
2
))dim.rel(νP ) →˜ IC(ZP ) (34)
2) The isomorphism (34) still holds over ea
◦
YP with aK˜ replaced by
pH0(aK˜).
Proof 1) Consider the restriction aπP : SP ×BunG1 a BunG1 → ZP of the map πP from Sec-
tion 2.3.1. For the function b as in Proposition 9, this proposition yields an isomorphism over
the whole of BunP
ν∗P (aK˜)⊗ (Q¯ℓ[1](
1
2
))dim.rel(νP ) →˜ FourYP ,ψ((aπP )!Q¯ℓ)[b](
b
2
)
Let us establish a canonical isomorphism
(aπP )!Q¯ℓ[b](
b
2
) →˜ IC(ZP ) (35)
over the open substack a
◦
YP of YP . Consider a k-point (s : U →M) of
◦
SP . Assume U ∈ a Bunn
then for any line bundle L on X with degL ≤ a and any morphism y : M → L the composition
U
s
→ M
y
→ L vanishes. Since s is surjective at the generic point of X, y also vanishes and
M ∈ a BunG1 . Thus, (aπP )!Q¯ℓ →˜ (πP )!Q¯ℓ over a
◦
YP , and (35) follows from Proposition 2. Part
1) follows.
2) Since νP :
e
a BunP → BunH is smooth, the functor Four
−1
YP ,ψ
ν∗P [dim. rel(νP )] followed by
restriction to ea
◦
YP is exact for the perverse t-structures. 
The stack Bunn is smooth, its connected components are indexed by d ∈ Z. Namely, the
connected component Bundn of Bunn classifies U ∈ Bunn with degU = d. Write Bun
d
P ,
e BundP
and so on for the preimage of Bundn in the corresponding stack.
Write C(e, P ) for the set of d ∈ Z such that the stack e Bundn from Section 2.3.1 is nonempty.
For a ∈ Z write ea Bun
d
n for the preimage of aBunn in
e Bundn. Given d ∈ C(e, P ), the stack
e
a Bun
d
n is nonempty for a small enough. It is easy to see that for d ∈ C(e, P ) and g = 0 (resp.,
g ≥ 1) one has d ≤ −n/2 (resp., d ≤ −(g − 1)n/2).
Write Z(e, P ) for the set of d ∈ Z such that e
◦
ZdP is not empty. Clearly, Z(e, P ) ⊂ C(e, P ).
If d ∈ Z(e, P ) then ea
◦
ZdP is not empty for a small enough. There is N = N(g) such that if d ≤ N
then d ∈ Z(e, P ).
Definition 2. Let a, d ∈ Z be such that ea
◦
ZdP is nonempty. Then by Corollary 1 and Lemma 1
below, there is a unique irreducible subquotient aK
d
H of the perverse sheaf
pH0(aK˜) equipped
with an isomorphism
Four−1YP ,ψ ν
∗
P (aK
d
H)⊗ (Q¯ℓ[1](
1
2
))dim.rel(νP ) →˜ IC(ZP ) (36)
22
over ea
◦
YdP . The perverse sheaf aK
d
H is defined up to a unique isomorphism. We can not conclude
for the moment that (36) holds over eaY
d
P , as the LHS could apriori be a non irreducible perverse
sheaf.
If a′ ≤ a and ea
◦
ZdP is nonempty then
e
a′
◦
ZdP is also nonempty. The open immersion a BunG1 →֒
a′ BunG1 yields a morphism aK˜ → a′K˜, hence also a morphism of perverse sheaves
α : pH0(aK˜)→
pH0(a′K˜) (37)
After applying the functor
Four−1YP ,ψ ν
∗
P [dim. rel(νP )]
followed by restriction to ea
◦
YdP , the map α becomes an isomorphism. By Lemma 1 below, α
induces a natural isomorphism aK
d
H →˜ a′K
d
H . For d ∈ Z(e, P ) define a perverse sheaf
KdH ∈ P(BunH)
as aK
d
H for any a small enough (such that
e
a
◦
ZdP is nonempty). We see that K
d
H is defined up to
a unique isomorphism. The perverse sheaf KdH is equipped with an isomorphism over
e
◦
YdP
Four−1YP ,ψ ν
∗
P (K
d
H)⊗ (Q¯ℓ[1](
1
2
))dim.rel(νP ) →˜ IC(ZP )
Lemma 1. Let f : A → B be an exact functor between abelian categories. Let F,F ′ be two
objects of A which are of finite length and α : F → F ′ a morphism in A. Assume that R = f(F )
is an irreducible object of B, and f(α) : f(F ) → f(F ′) is an isomorphism. Then F admits a
biggest subobject F0 such that f(F0) = 0, let F
′
0 ⊂ F
′ be the corresponding biggest subobject of
F ′. Then F/F0 admits a unique irreducible subobject F1, and f(F1) →˜R. Define F
′
1 ⊂ F
′/F ′0
similarly. Then α : F0 → F
′
0 and the induced map α : F1 → F
′
1 is an isomorphism. We refer to
F1 as the subquotient canonically associated to (f, F ).
Proof Let G ⊂ F be a subobject such that f(G) = 0 and maximal with this property. Let
G1 ⊂ F be another subobject such that f(G1) = 0. Write G¯1 for the image of G1 in F/G, let
G¯ be the preimage of G¯1 under the projection F → F/G. Then f(G¯) = 0, so G¯ = G. Thus, G
is the biggest subobject of F such that f(G) = 0.
If F1 ⊂ F/F0 is an irreducible subobject then f(F1) →˜R. Since f is exact this F1 is unique.
Since α : F0 → α(F0) is surjective, f(α) : f(F0)→ f(α(F0)) is also surjective, hence α(F0) ⊂ F
′
0.
Our assertion follows. 
We will see in Section 7 that for all d ∈ Z(e, P ) of the same parity the perverse sheaves KdH
are canonically isomorphic to each other (cf. Proposition 15).
5. Comparison of P and Q-models
5.1 Keep notations of Section 2.3. The stack BunP∩Q classifies a point (9) of BunP together
with an exact sequence on X
0→W → U → U ′ → 0 (38)
23
with W ∈ Bun1, U
′ ∈ Bunn−1. Write νP,Q : BunP∩Q → BunQ and νQ,P : BunP∩Q → BunP for
the natural maps. Write ⋄(Bun1×Bunn−1) ⊂ Bun1×Bunn−1 for the open substack given by
H0(X,U ′ ⊗W ) = H0(X,∧2U ′) = Hom(U ′,W ) = 0
Hom(U ′,W ⊗ Ω) = H0(X,Ω ⊗ ∧2U ′) = 0
(39)
for W ∈ Bun1, U
′ ∈ Bunn−1. Write
⋄BunP∩Q for the preimage of
⋄(Bun1×Bunn−1) in BunP∩Q.
Our purpose is to prove the following.
Proposition 10. There exists an isomorphism on ⋄BunP∩Q
ν∗P,QKQ,ψ ⊗ (Q¯ℓ[1](
1
2
))dim.rel(νP,Q) →˜ ν∗Q,PKP,ψ ⊗ (Q¯ℓ[1](
1
2
))dim.rel(νQ,P ) (40)
Remark 8. Recall that KP,ψ is perverse over the open substack of BunP given by H
0(X,∧2U) =
0 for a point (9) of BunP , and KQ,ψ is perverse over the open substack of BunQ given by
H0(X,W⊗V ′) = 0 for a point (13) of BunQ. The restrictions of νP,Q and of νQ,P to
⋄BunP∩Q are
smooth, so both sides of (40) are perverse. We will see in the course of the proof of Proposition 11
below that both sides of (40) are irreducible over each connected component of ⋄BunP∩Q.
5.2 The stack BunP∩Q can also be seen as the stack classifying exact sequences on X
0→ ∧2U ′ →?→ O → 0 (41)
and (13), where we denoted by V ′ the corresponding point of BunHn−1 .
Write S for the stack classifying a point (W,U ′) ∈ ⋄(Bun1×Bunn−1) together with the exact
sequences (38) and (41) on X.
Let T be the stack over S with fibre Hom(W ⊗ U ′,Ω). The conditions (39) imply that
Ext1(W ⊗U ′,Ω) = 0, so T is a vector bundle. The natural projection ⋄BunP∩Q → S is a torsor
under the vector bundle T ∗. Denote by
0→ T ∗ → E∗ → O → 0 (42)
the corresponding exact sequence of OS -modules, so
⋄BunP∩Q is the preimage of 1 in E
∗.
Let TQ be stack over S with fibre Hom(W,V
′ ⊗ Ω). The conditions (39) imply that TQ is a
vector bundle over S, and for a point of S the sequence is exact
0→ Hom(W,U ′ ⊗ Ω)→ Hom(W,V ′ ⊗ Ω)→ Hom(W ⊗ U ′,Ω)→ 0 (43)
Indeed, (39) imply that Ext1(W,U ′ ⊗ Ω) = 0.
Define a full subcategory PW (TQ) ⊂ P(TQ) singled out by the following equivariance condi-
tion. Let VTQ be the vector bundle over S classifying a point of S and t1 ∈ Hom(W,U
′ ⊗ Ω).
So, the sequence of vector bundles on S is exact
0→ VTQ → TQ → T → 0 (44)
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The vector bundle VTQ acts on TQ by translations over S. Write evVTQ : VTQ → A
1 for the
map sending (W,U ′, (41), (38), t1) to the pairing of t1 with (38). Define P
W (TQ) ⊂ P(TQ) as
the full subcategory of (VTQ, ev
∗
VTQ
Lψ−1)-equivariant perverse sheaves on TQ. For F ∈ P(TQ)
this means that for the action and the projection maps act,pr : VTQ ×S TQ → TQ there is an
isomorphism
act∗ F →˜ pr∗ F ⊗ ev∗VTQLψ−1
whose restriction to the unit section is the identity, and it satisfies the corresponding associativity
condition. If such an isomorphism exists then it is unique. Write DW (TQ) ⊂ D
≺(TQ) for the full
subcategory of complexes whose all perverse cohomology sheaves lie in PW (TQ).
Let TP be the stack over S with fibre Hom(∧
2U,Ω). The conditions (39) imply that TP is a
vector bundle over S. For a point of S the exact sequence 0 → W ⊗ U ′ → Λ2U → Λ2U ′ → 0
yields a sequence
0→ Hom(∧2U ′,Ω)→ Hom(∧2U,Ω)→ Hom(W ⊗ U ′,Ω)→ 0, (45)
which is exact because of (39). Let VTP be the vector bundle over S classifyig a point of S and
v1 ∈ Hom(∧
2U ′,Ω), so
0→ VTP → TP → T → 0 (46)
is an exact sequence of vector bundles on S.
Write evVTP : VTP → A
1 for the map sending (W,U ′, (41), (38), v1) to the pairing of v1 with
(41). As above, one defines the category PW (TP ) of (VTP , ev
∗
VTP
Lψ−1)-equivariant perverse
sheaves on TP , similarly for D
W (TP ).
Lemma 2. 1) The push-forward of the exact sequence (46) by the morphism VTP → OS given
by pairing with the extension (41) is canonically isomorphic to the exact sequence 0 → O →
E → T → 0 on S dual to (42).
2) The push-forward of the exact sequence (44) by the morphism VTQ → OS given by pairing
with the extension (38) is canonically isomorphic to the exact sequence 0 → O → E → T → 0
on S.
Proof 1) Dualizing (43) one gets the exact sequence 0 → H1(X,W ⊗ U ′) → H1(X,W ⊗ V ′) →
H1(X,W ⊗ U ′∗) → 0 on S. Part 1) follows from the fact that BunP∩Q is the stack classifying
U ′,W as above and exact sequences 0→ ∧2U ′ →?→ O → 0, 0→W →?→ V ′ → 0 on X.
2) Dualizing (45) one gets the exact sequence 0→ H1(X,W⊗U ′)→ H1(X,∧2U)→ H1(X,∧2U ′)→
0 on S. Part 2) follows from the fact that BunP∩Q is the stack classifying U
′,W as above and
exact sequences 0→W → U → U ′ → 0, 0→ ∧2U →?→ O → 0 on X. 
As above, define PW (E) as the category of perverse sheaves on E which are (O,Lψ−1)-
equivariant, similarly for the derived category DW (E). Lemma 2 yields canonical equivalences
DW (TP )
ǫP−→
˜
DW (E)
ǫQ
←−
˜
DW (TQ)
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exact for the perverse t-structures.
The Fourier transform FourE,ψ : D
≺(E) →˜ D≺(E∗) yields an equivalence between the full
subcategories on both sides
FourE,ψ : D
W (E) →˜ D≺(⋄BunP∩Q)
5.3.1 Let T¯Q be the stack classifying (W,U
′) ∈ ⋄(Bun1×Bunn−1), an exact sequence (41) on X,
and t ∈ Hom(W,V ′ ⊗ Ω). Here V ′ ∈ BunHn−1 is given by (41). The projection T¯Q → YQ is
smooth, we set
T¯ ZQ = T¯Q ×YQ ZQ
Define the partial Fourier transform along Hom(W,U ′ ⊗ Ω) as the following equivalence
FourQ,ψ : D
≺(T¯Q) →˜ D
W (TQ)
Notation. Write (α) for an exact sequence (41), (γ) for an exact sequence (38).
Consider the diagram
TQ
pQ
← VTQ ×S TQ
aQ
→ T¯Q
↓ evVTQ
A1,
where aQ sends t1 ∈ Hom(W,U
′ ⊗ Ω), (W,U ′, t, α, γ) ∈ TQ to (W,U
′, α, t + t1) ∈ T¯Q. The map
pQ sends the same collection to (W,U
′, t, α, γ) ∈ TQ. The map evVTQ sends the same collection
to 〈t1, γ〉. Then
FourQ,ψ(K) = (pQ)!(a
∗
QK ⊗ ev
∗
VTQ
Lψ)⊗ (Q¯ℓ[1](
1
2
))dim.rel(aQ)
Let prQ : TQ → T¯Q be the projection forgetting (γ). Note that (prQ)! : D
W (TQ) → D(T¯Q) is
quasi-inverse to FourQ,ψ.
5.3.2 Let T¯P be the stack classifying (W,U
′) ∈ ⋄(Bun1×Bunn−1), an exact sequence (38) on X,
and v ∈ Hom(∧2U,Ω). The projection T¯P → YP is smooth. Set T¯ ZP = T¯P ×YP ZP .
Define the partial Fourier transform along Hom(∧2U ′,Ω) as the following equivalence
FourP,ψ : D
≺(T¯P ) →˜ D
W (TP )
Consider the diagram
TP
pP← VTP ×S TP
aP→ T¯P
↓ evVTP
A1,
where aP sends v1 ∈ Hom(∧
2U ′,Ω), (W,U ′, v, α, γ) ∈ TP to (W,U
′, v + v1, γ) ∈ T¯P . The map
pP sends the same collection to (W,U
′, v, α, γ) ∈ TP . The map evVTP sends the same collection
to 〈v1, α〉. Then
FourP,ψ(K) = (pP )!(a
∗
PK ⊗ ev
∗
VTP
Lψ)⊗ (Q¯ℓ[1](
1
2
))dim.rel(aP )
Let us reduce Proposition 10 to the following result, whose proof is found in Section 5.5.
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Proposition 11. There is a canonical isomorphism in DW (E)
ǫQ FourQ,ψ(IC(T¯ ZQ)) →˜ ǫP FourP,ψ(IC(T¯ ZP )) (47)
Proof of Proposition 10
It is formal to check that one has canonical isomorphisms
FourE,ψ ǫP FourP,ψ(IC(T¯ ZP )) →˜ ν
∗
Q,PKP,ψ ⊗ (Q¯ℓ[1](
1
2
))dim.rel(νQ,P )
and
FourE,ψ ǫQ FourQ,ψ(IC(T¯ ZQ)) →˜ ν
∗
P,QKQ,ψ ⊗ (Q¯ℓ[1](
1
2
))dim.rel(νP,Q)
Our assertion follows now from Propsition 11. 
Remark 9. i) Let smZQ ⊂ ZQ be the open substack given by the condition that W →֒ V
′ ⊗ Ω
is a subbundle. We set
smT¯ ZQ = T¯Q ×YQ
smZQ
Since smZQ is smooth,
smT¯ ZQ is also smooth. The conditions (39) imply that
smT¯ ZQ is dense
in T¯ ZQ. So, IC(T¯ ZQ) is the intermediate extension from
smT¯ ZQ.
Recall that ZP,0 ⊂ ZP denotes the open substack given by the condition that v : ∧
2U → Ω
is surjective. We set smT¯ ZP = T¯P ×YP ZP,0. The conditions (39) imply that
smT¯ ZP is dense in
T¯ ZP . So, IC(T¯ ZP ) is the intermediate extension from
smT¯ ZP .
The connected components of smT¯ ZP are given by fixing the degrees ofW,U
′. The connected
components of smT¯ ZQ are also given by fixing the degrees of W,U
′.
ii) The open substack of smT¯ ZQ given by the condition that the composition W
t
→ V ′ ⊗ Ω →
U ′∗ ⊗ Ω is a subbundle is dense in smT¯ ZQ.
Similarly, the open substack of smT¯ ZP given by the condition that the compositionW⊗U
′ →֒
∧2U
v
→ Ω is surjective is dense in smT¯ ZP .
5.4 Let 0T ⊂ T be the open substack classifying (W,U ′, α, γ) ∈ S and s : W → U ′∗ ⊗ Ω whose
image is a rank one subbundle in U ′∗ ⊗ Ω. Let 0TQ (resp.,
0TP ) be the preimage of
0T under
the projection TQ → T (resp., under TP → T ).
Define a closed substack 0X ⊂ 0T by the following conditions. A point (W,U ′, α, γ, s) of 0T
as above yields an exact sequence
0→ U ′n−2 → U
′ s→W ∗ ⊗ Ω→ 0 (48)
It induces the surjections U ′∗ ⊗W → U ′∗n−2 ⊗W and ∧
2U ′ → U ′n−2 ⊗W
∗ ⊗ Ω of OX -modules.
Then 0X is given by the conditions
• the image of (γ) under H1(X,U ′∗ ⊗W )→ H1(X,U ′∗n−2 ⊗W ) vanishes,
• the image of (α) under H1(X,∧2U ′)→ H1(X,U ′n−2 ⊗W
∗ ⊗ Ω) vanishes.
27
Write 0XQ (resp.,
0XP ) for the preimage of
0X under 0TQ →
0T (resp., under 0TP →
0T ).
Stratify 0X by locally closed substacks 0Xi indexed by i ≥ 0 and given by the condition
dimHom(U ′n−2,W ) = i
Write 0XQ,i (resp.,
0XP,i) for the preimage of
0Xi in
0XQ (resp., in
0XP ).
Lemma 3. The restriction of FourQ,ψ(ICT¯ ZQ) to
0TQ is the extension by zero under
0XQ →֒
0TQ
of a perverse sheaf. This perverse sheaf is smooth along the stratification of 0XQ by
0XQ,i, and
its ∗-restriction to the stratum 0XQ,i is a shifted rank one local system.
Proof A point of S gives rise to the diagram, where the top line is an exact sequence
0→ Hom(W,U ′ ⊗ Ω)→ Hom(W,V ′ ⊗ Ω)
β
−→ Hom(W ⊗ U ′,Ω)→ 0
↓ q
Hom(W 2,Ω2)
For s ∈ Hom(W ⊗ U ′,Ω) the restriction of q to the affine subspace β−1(s) is affine, and the
underlying linear map Hom(W,U ′ ⊗ Ω)→ Hom(W,W ∗ ⊗ Ω2) is given by the composition with
2s ∈ Hom(U ′ ⊗ Ω,W ∗ ⊗ Ω2).
Let (W,U ′, α, γ, s) ∈ 0T be such that the corresponding fibre of the composition
a−1Q (T¯ ZQ)
pQ
→ TQ → T
is non empty. Then there is t : W → V ′ ⊗ Ω extending s : W → U ′∗ ⊗ Ω such that the image
of t is isotropic. The map s gives rise to the exact sequence (48). Write U ′n for the orthogonal
complement of U ′n−2 in V
′, so U ′n−2 ⊂ U
′
n and U
′
n ∈ Bunn. Moreover, U
′
n/U
′
n−2 ∈ BunH1 , so one
has a canonical decomposition
U ′n/U
′
n−2 →˜ (W
∗ ⊗ Ω)⊕ (W ⊗ Ω−1)
as a sum of isotropic subbundles. We get the diagram
0→ U ′n−2 → U
′
n → U
′
n/U
′
n−2 → 0
տ t ↑
W ⊗ Ω−1,
(49)
where the vertical arrow is the inclusion as an isotropic subbundle. This shows that the image
of (α) under H1(X,∧2U ′)→ H1(X,U ′n−2 ⊗W
∗ ⊗ Ω) vanishes.
Now the fibre of a−1Q (T¯ ZQ)
pQ
→ TQ over (W,U
′, α, γ, t) is the scheme of t1 ∈ Hom(W,U
′ ⊗Ω)
such that the image of t+ t1 : W → V
′ ⊗ Ω is isotropic. Using the exact sequence
0→ U ′n−2 ⊗W
∗ ⊗ Ω→ W ∗ ⊗ U ′ ⊗ Ω
s
→W−2 ⊗ Ω2 → 0,
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one identifies this scheme with H0(X,U ′n−2⊗W
∗⊗Ω). For any such t1, the image of t+ t1 is an
isotropic subbundle in V ′ ⊗ Ω. So, one has to integrate over Hom(W,U ′n−2 ⊗ Ω) the restriction
of Lψ under the composition
Hom(W,U ′n−2 ⊗ Ω) →֒ Hom(W,U
′ ⊗ Ω)
γ
→ A1
This local system is trivial iff the image of γ under H1(X,W⊗U ′∗)→ H1(X,U ′∗n−2⊗W ) vanishes.
Note that Hom(W,U ′n−2 ⊗ Ω)
∗ →˜H1(X,U ′∗n−2 ⊗W ), and
χ(U ′∗n−2 ⊗W ) = χ(W ⊗ U
′∗)− χ(W 2 ⊗ Ω−1)
is fixed on each connected component of 0T . So, the stratification of 0X by 0Xi, i ≥ 0 coincides
with the one given by fixing dimH0(X,U ′n−2 ⊗W
∗ ⊗ Ω). 
The stack 0T is smooth, its connected components are given by fixing the degrees of W,U ′.
Lemma 4. Consider a connected component C of 0T given by degU ′ = aU , degW = aW .
Assume aU < 0 and aW sufficiently small compared to aU (it suffices to require (n − 3)aW ≤
aU + (n− 4)(g − 1) and aW ≤ g− 2). Then the open substack of C given by Hom(U
′
n−2,W ) = 0
is non empty.
Proof Write B for the connected component of Bun1×Bunn−1 given by degW = aW ,degU
′ =
aU . Write P for the stack classifying U
′
n−2 ∈ Bunn−2, W ∈ Bun1 with degU
′
n−2 = aU + aW −
(2g− 2), degW = aW , and an exact sequence (48) on X. The stack P is smooth an irreducible.
For a point of P one has χ(W ⊗ U ′∗n−2) ≤ 0. So, the open substack
0P ⊂ P given by
Hom(U ′n−2,W ) = 0 is non empty.
Let 0B ⊂ B be the open substack given by H
0(X,W ⊗ U ′(x)) = 0 for any x ∈ X. Under
our assumptions, for (W,U ′) ∈ B one has χ(W ⊗ U ′(x)) ≤ 0, so 0B is nonempty. The stack 0B
is contained in the image of the map ξ : P → B sending the above point to (W,U ′). So, ξ is
dominant. Write ⋄B ⊂ B for the preimage of ⋄(Bun1×Bunn−1) in B. Assume
⋄B non empty.
Let ⋄P = ξ−1(⋄B). Since P is irreducible, 0P ∩ ⋄P is non empty. Our assertion follows. 
Lemma 5. The restriction of FourP,ψ(ICT¯ ZP ) to
0TP is the extension by zero under
0XP →
0TP
of a perverse sheaf. This perverse sheaf is smooth along the stratification of 0XP by
0XP,i, and
its ∗-restriction to the stratum 0XP,i is a shifted rank one local system.
Proof Consider a point (W,U ′, α, γ, s) ∈ 0T such that the fibre over this point of the composition
a−1P (T¯ ZP )
pP→ TP → T is non empty. Then there is v : ∧
2U → Ω extending s : U ′⊗W → Ω such
that (U, v) ∈ ZP . The map s gives rise to the exact sequence (48).
Note that (U, v) ∈ ZP,0, that is, v : ∧
2U → Ω is surjective, because its restriction to
U ′ ⊗ W is already surjective. This point of ZP,0 gives rise to M ∈ BunG1 with an exact
sequence 0 → Un−2 → U
s˜
→ M → 0 such that v = ∧2s˜. By our assumption, the composition
W → U → M → M∗ ⊗ Ω → U∗ ⊗ Ω is a rank one subbundle, so W ⊂ M is also a subbundle,
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and we get a diagram
0→ W → M → W ∗ ⊗ Ω → 0
↑ id ↑ s˜ ↑ s
0→ W → U → U ′ → 0
↑ ↑
Un−2 U
′
n−2
(50)
This diagram induces an isomorphism Un−2 →˜U
′
n−2, so the image of (γ) in H
1(X,U ′∗n−2 ⊗W )
vanishes. So, the fibre of a−1P (T¯ ZP )
pP→ TP over (W,U
′, α, γ, v) ∈ 0TP identifies with the scheme
of sections U ′n−2 → U making the following diagram commutative
0→W → U → U ′ → 0
տ ↑
U ′n−2
The group Hom(U ′n−2,W ) acts freely and transitively on this fibre. The local system ev
∗
VTP
Lψ
changes under this action by the character Hom(U ′n−2,W ) ⊂ Hom(∧
2U ′,Ω)
α
→ A1. This charac-
ter is trivial iff the image of α under H1(X,∧2U ′)→ H1(X,W ∗ ⊗ U ′n−2 ⊗ Ω) vanishes. Clearly,
over the locus of 0TP,i one gets a shifted rank one local system. 
5.5 Proof of Proposition 11
5.5.1 By Remark 9 ii), the perverse sheaf FourQ,ψ(IC(T¯ ZQ)) is the intermediate extension under
0TQ →֒ TQ, and FourP,ψ(IC(T¯ ZP )) is the intermediate extension under
0TP →֒ TP . So, it suffices
to establish (47) over 0E = E ×T
0T .
First, let us define a full subcategory PW (T ×S
⋄BunP∩Q) ⊂ P(T ×S
⋄BunP∩Q). Write
evT : T ×S T
∗×S → A
1 for the natural pairing between T and T ∗. Recall that ⋄BunP∩Q →
S is a torsor under T ∗. As in Section 5.2, one defines the category PW (T ×S
⋄BunP∩Q) of
(T ∗, evT )-equivariant perverse sheaves on T ×S
⋄BunP∩Q. Similarly for the derived category
DW (T ×S
⋄BunP∩Q).
One has a canonical equivalence
ε : DW (E) →˜ DW (T ×S
⋄BunP∩Q) (51)
exact for the perverse t-structures. It is characterised by the following. Write evE for the
composition
E ×S
⋄BunP∩Q →֒ E ×S E
∗ → A1,
where the second map is the natural pairing. Then (51) sends K to the complex K ′ equipped
with an isomorphism pr∗1K ⊗ ev
∗
ELψ →˜ (qE × id)
∗K ′[1](12 ), where qE : E → T is the natural
surjection, and pr1 : E ×S
⋄BunP∩Q → E is the projection. Such K
′ is defined up to a unique
isomorphism.
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5.5.2 Let us define a morphism
evQ,i :
0Xi ×S
⋄BunP∩Q → A
1
Consider a point of 0Xi ×S
⋄BunP∩Q given by (U
′,W, α, γ, s) ∈ 0Xi and an exact sequence (13)
giving rise to V ∈ ⋄BunP∩Q. Since the image of α in H
1(X,U ′n−2 ⊗W
∗ ⊗ Ω) vanishes, we amy
pick a lifting of s to t : W → V ′ ⊗ Ω such that the image of t is isotropic. Such t is defined
uniquely up to adding an element t1 ∈ Hom(W,U
′
n−2 ⊗ Ω). The map evQ,i sends this point to
the pairing of t with (13). This is well-defined, because the image of γ in H1(X,U ′∗n−2 ⊗W )
vanishes.
Let us define a morphism
evP,i :
0Xi ×S
⋄BunP∩Q → A
1
Consider a point of 0Xi ×S
⋄BunP∩Q given by (U
′,W, α, γ, s) ∈ 0Xi and an exact sequence (9)
giving rise to V ∈ ⋄BunP∩Q. Since the image of γ in H
1(X,U ′∗n−2 ⊗W ) vanishes, we may pick
a lifting v : ∧2U → Ω of s such that (U, v) ∈ ZP,0. Such v is uniquely defined up to adding an
element v1 ∈ Hom(U
′
n−2,W ) ⊂ Hom(∧
2U ′,Ω) ⊂ Hom(∧2U,Ω). Let evP,i send this point to the
pairing of v with (9). The result is well-defined, because 〈v1, α〉 = 0. Note that evP,i = evQ,i.
5.5.3 The ∗-restriction of εǫQ FourQ,ψ(IC(T¯ ZQ)) to
0Xi×S
⋄BunP∩Q identifies (up to a shift and
a twist) with ev∗Q,iLψ. The ∗-restriction of εǫP FourP,ψ(IC(T¯ ZP )) to
0Xi×S
⋄BunP∩Q identifies
(up to a shift and a twist) with ev∗P,iLψ.
After applying ε, it suffices to establish (47) over 0T ×S
⋄BunP∩Q. For each connected
component of 0X there is i such that 0Xi is dense in this component. This concludes the proof
of Proposition 11.
5.6 Pointwise Euler characteristics Note that the maps νP :
e BunP → BunH and νQ :
uBunQ → BunH are surjective.
Proposition 12. There is a function EK : BunH(k)→ Z with the following properties.
1) For any k-point η ∈ e BunP over V ∈ BunH(k) one has
χ(KP,ψ |η) = (−1)
dim.rel(νP )EK(V )
2) For any k-point η ∈ uBunQ over V ∈ BunH(k) one has
χ(KQ,ψ |η) = (−1)
dim.rel(νQ)EK(V )
Proof For r ≥ 1 consider the stack Dr classifying collections: (Wi ⊂ Ui ⊂ V ) ∈
⋄BunP∩Q for
1 ≤ i ≤ r, here Wi ∈ Bun1, Ui ∈ Bunn, V ∈ BunH , and inclusions Wi ⊂ Ui+1 whose image is a
subbundle such that (Wi ⊂ Ui+1 ⊂ V ) ∈
⋄BunP∩Q for 1 ≤ i < r.
Let fr : Dr → BunP ×BunH BunP be the map sending the above point to (U1 ⊂ V,Ur ⊂ V ).
The union of the images of fr for all r ≥ 1 contains
e BunP ×BunH
e BunP . If (U ⊂ V,U
′ ⊂ V ) is
in the image of some fr then, by Proposition 10, the pointwise Euler characteristics of KP,ψ at
(U ⊂ V ) and (U ′ ⊂ V ) coincide. Since νP :
e BunP → BunH is surjective, part 1) follows.
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Let gr : Dr → BunQ×BunH BunQ be the map sending a point of Dr to (W1 ⊂ V,Wr ⊂ V ).
Using gr one similarly proves part 2). 
6. Comparison of P and R-models
6.1.1 Keep notations of Section 2.3. Recall that BunR classifies V ∈ BunH and an isotropic
subbundle U2 ⊂ V with U2 ∈ Bun2. Write V−2 for the orthogonal complement of U2 in V , so
V ′ = V−2/U2 ∈ BunHn−2 . Let
sm(Bun2×BunHn−2) ⊂ Bun2×BunHn−2 be the open substack
given by
H0(X,Ω ⊗ ∧2U2) = H
0(X,Ω ⊗ U2 ⊗ V
′) = 0
for (U2, V
′) ∈ Bun2×BunHn−2 . Let
smBunR be the preimage of
sm(Bun2×BunHn−2) in BunR.
Recall the map νR : BunR → BunH from Section 2.3.3. The restriction
sm BunR → BunH of νR
is smooth. So, w BunR → BunH is also smooth.
The map fR : YR → BunR is a vector bundle over the open substack
w BunR.
6.1.2 Write R¯ for the quotient of R by the center of the unipotent radical of R. The stack BunR¯
classifies V ′ ∈ BunHn−2 , U2 ∈ Bun2 and an exact sequence
0→ U2 → V−2 → V
′ → 0 (52)
Write YR¯ for the stack classifying a point of BunR¯ as above and an exact sequence on X
0→ ∧2U2 →?→ O → 0 (53)
Then YR¯ is a group stack over BunR¯, it acts on BunR over BunR¯ as follows. If an R-torsor F
on X is given by a collection (U2 ⊂ V ) as above, the sheaf AF of automorphisms of F acting
trivially on F ×R R¯ identifies canonically with ∧
2U2. The action map YR¯ ×BunR¯ BunR → BunR
sends (F , (53)) to F ×AF F
′, where F ′ is the AF -torsor given by (53). In more elementary
terms, F ×AF F
′ is given by the exact sequence 0 → V−2 → V˜ → U
∗
2 → 0, which is the
sum of 0 → V−2 → V → U
∗
2 → 0 with the push-forward via U2 ⊂ V−2 of the sequence
0→ U2 →?→ U
∗
2 → 0 given by (53).
Write aR : YR¯ ×BunR¯ YR → YR for the action map defined similarly. This action on a point
(U2 ⊂ V, v2) ∈ YR does not change v2 : ∧
2U2 → Ω.
As in Section 2.3.3, we write w BunR¯,
wYR¯ and so on for the preimage of
w(Bun2×BunHn−2)
in the corresponding stack. The projection wYR¯ →
w BunR¯ is a vector bundle. One checks that
w BunR →
w BunR¯ is a torsor under this vector bundle (for the above action).
Write evR : YR¯×BunR¯ YR → A
1 for the map sending (U2 ⊂ V, v2, (53)) to the natural pairing
of v2 with (53).
As in Section 5.2, one defines the category PW (wYR) of (YR¯, ev
∗
RLψ)-equivariant perverse
sheaves on wYR. This is the category of perverse sheaves F on
wYR equipped with an isomor-
phism
a∗RF →˜ pr
∗
2 F ⊗ ev
∗
RLψ
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over wYR¯ ×BunR¯
wYR whose restriction to the unit section is the identity, and satisfying the
corresponding associativity condition. Write DW (wYR) ⊂ D
≺(wYR) for the full subcategory of
complexes whose all perverse cohomology sheaves lie in PW (wYR).
The Fourier transform
FourR,ψ−1 : D
≺(wBunR) →˜ D
W (wYR) (54)
is the following equivalence. Consider the diagram
wYR
pR
← YR¯ ×BunR¯
wYR
aR→ wYR
fR
→ w BunR
↓ evR
A1,
where pR is the projection. We set
FourR,ψ−1(K) = (pR)!(a
∗
Rf
∗
RK ⊗ ev
∗
RLψ)⊗ (Q¯ℓ[1](
1
2
))dim.rel(fR◦aR)
It is exact for the perverse t-structures and the functor (fR)! : D
W (wYR) →˜ D
≺(wBunR) is
quasi-inverse to FourR,ψ−1 .
One similarly defines the category DW (w
◦
YR). Note that for any K ∈ P
W (w
◦
YR) one has
(jR)!∗(K) ∈ P
W (wYR) for the open immersion jR :
◦
YR →֒ YR from Section 2.3.3.
6.2.1 the map eR
Given a vector bunbdle M on X, a line bundle A on X and a symplectic form ∧2M→ A, we
write H(M) =M⊕A for the Heisenberg group scheme on X with operation
(m1, a1)(m2, a2) = (m1 +m2, a1 + a2 +
1
2
〈m1,m2〉)
(The line bundle A is usually clear from the context, and we omit it in our notation).
Given (U2, V
′) ∈ Bun2×BunHn−2 , the vector bundle U2 ⊗ V
′ is equipped with a natural
symplectic form ∧2(U2⊗V
′)→ ∧2U2, so one gets the corresponding Heisenberg groupH(U2⊗V
′).
Now BunR identifies canonically with the stack classifying (U2, V
′) ∈ Bun2×BunHn−2 and
a torsor on X under the group scheme H(U2 ⊗ V
′).
Write Mod2 for the stack classifying U2 ∈ Bun2 with an upper modification s2 : U2 →֒ M ,
here M ∈ Bun2 and s2 is an inclusion of coherent OX-modules.
Consider the stack Mod2×Bun2 BunR classifying (U2 ⊂ V ) ∈ BunR and (s2 : U2 →֒ M) ∈
Mod2. Let us define a morphism
eR : Mod2×Bun2 BunR → BunR
For a point of the source write V ′ = V−2/U2, where V−2 is the orthogonal complement of U2 in
V . The map s2 yields an inclusion of coherent OX -modules H(U2⊗V
′) ⊂ H(M⊗V ′), which is a
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homomorphism of group schemes over X. View (U2 ⊂ V ) ∈ BunR as a triple (U2, V
′,F), where
F is a torsor on X under H(U2⊗V ). Let F˜ be the torsor under H(M⊗V
′) on X obtained from
F by the extension of the structure group H(U2⊗ V
′)→ H(M ⊗ V ′). Then (M,V ′, F˜) ∈ BunR
is given by some pair (M ⊂ V˜ ) ∈ BunR. By definition, eR sends (U2 ⊂ V,U2 ⊂M) to (M ⊂ V˜ ).
Remark 10. Let (U2 ⊂ V,U2
s2
→֒M) ∈ Mod2×Bun2 BunR and (M ⊂ V˜ ) be its image by eR. Let
U ⊂ V be an isotropic subbundle of rank n such that U2 ⊂ U . Define U
′ by the exact sequence
0→ U2 → U → U
′ → 0. Let
0→M → U˜ → U ′ → 0 (55)
be the push-forward of the latter exact sequence by s2 : U2 → M . The point (U ⊂ V ) ∈ BunP
is given by an exact sequence (9). Let
0→ ∧2U˜ →?→ O → 0 (56)
be the push-forward of this exact sequence by ∧2U →֒ ∧2U˜ . Then (56) together with M ⊂ U˜ is
a point of BunP∩R whose image in BunR identifies canonically with (M ⊂ V˜ ).
6.2.2 Recall the stack XR from Section 2.3.3. Let us define a morphism
ρR : XR → BunG2n−4
To do so, we introduce the following.
Definition 3. Given (U2 ⊂ V ) ∈ BunR, the vector bundle U2⊗V is equipped with a symplectic
form ∧2(U2 ⊗ V ) → ∧
2U2. Consider then M1 = (Sym
2 U2)
⊥/Sym2 U2, where (Sym
2 U2)
⊥ is
the orthogonal complement of Sym2 U2 in U2 ⊗ V . So, M1 is equipped with a symplectic form
∧2M1 → ∧
2U2 and a line subbundle ∧
2U2 ⊂ M1. We will refer to M1 with these structures as
the symplectic-Heisenberg bundle associated to (U2 ⊂ V ) ∈ BunR.
Consider a point (U2 ⊂ V,U2
s2
→֒ M) ∈ XR, here M is an upper modification of U2 ∈
Bun2 equipped with detM →˜Ω. Let (M ⊂ V˜ ) ∈ BunR be the image of this point under eR.
By definition, ρR sends the above point of XR to the symplectic-Heisenberg bundle (detM ⊂
M1) associated to (M ⊂ V˜ ). Since we are given an isomorphism detM →˜Ω, this symplectic-
Heisenberg bundle is a point of BunG2n−4 . Moreover, by ([19], Lemma 1), for the above point of
XR one has a canonical Z/2Z-graded isomorphism
detRΓ(X,M ⊗ V ′) →˜ detRΓ(X,V ′)2 ⊗ detRΓ(X,M)2n−4 ⊗ detRΓ(X,O)8−4n (57)
We lift ρR to a morphism (15) sending the above point of XR to the collection (Ω ⊂ M1,B1),
where
B1 = detRΓ(X,V
′)⊗ detRΓ(X,M)n−2 ⊗ detRΓ(X,O)4−2n (58)
and B21 is identified with detRΓ(X,M1) via (57).
6.3 The stack BunP∩R classifies exact sequences
0→ U2 → U → U
′ → 0 (59)
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and (9) on X with U ′ ∈ Bunn−2, U2 ∈ Bun2. Write νP,R : BunP∩R → BunR and νR,P :
BunP∩R → BunP for the natural maps.
We have a diagram
w
◦
YR
πR← wXR
ρ˜R→ B˜unG2n−4
↑ ↑ ↑ ν˜P
w
◦
YR ×BunR BunP∩R
πR×id← wXR ×BunR BunP∩R
νP,R
→ BunP2n−4 ,
(60)
where the map νP,R is defined as follows. Given a collection
(U2 ⊂ U ⊂ V, s2 : U2 →M, detM →˜Ω) ∈
wXR ×BunR BunP∩R (61)
let (55) be the push-forward of 0→ U2 → U → U
′ → 0 by s2 : U2 →M . Let (M ⊂ V˜ ) ∈ BunR
be defined as in Section 6.2.2 and (Ω ⊂ M1) be the symplectic-Heisenberg bundle associated
to (M ⊂ V˜ ). Then L¯ = (M ⊗ U˜)/Sym2M is a lagrangian subbundle in M1, it fits in the
exact sequence (3) with L =M ⊗U ′. One checks that the element of Ext1(L,Ω) →˜ Ext1(U ′,M)
corresponding to (3) is given by (55). By definition, νP,R sends (61) to (Ω ⊂ L˜ ⊂ M1) ∈
BunP2n−4 .
Lemma 6. The right square in (60) is canonically 2-commutative.
Proof For a point (61) let B = detRΓ(X,M ⊗ U ′) and let B1 be defined by (58). Recall that
V ′ = V−2/U2, where V−2 is the orthogonal complement of U2 in V . We must upgrade the natural
isomorphisms B2 →˜ detRΓ(X,M ⊗ V ′) →˜B21 to a compatible isomorphism B →˜B1.
By ([20], Lemma 1), there is a canonical Z/2Z-graded isomorphism
B →˜
detRΓ(X,M)n−2 ⊗ detRΓ(X,U ′)2 ⊗ detRΓ(X,Ω ⊗ detU ′)
detRΓ(X,detU ′)⊗ detRΓ(X,O)2n−4
Applying ([20], Lemma 1) to the exact sequence 0 → U ′ → V ′ → U ′∗ → 0, we get the isomor-
phisms
detRΓ(X,V ′) →˜ detRΓ(X,U ′)⊗ detRΓ(X,U ′∗) →˜ detRΓ(X,U ′)⊗ detRΓ(X,U ′ ⊗ Ω) →˜
detRΓ(X,U ′)2 ⊗ detRΓ(X,Ω ⊗ detU ′)⊗ detRΓ(X,detU ′)−1
They yield the desired isomorphism B →˜B1. 
Recall the stack ♭(Bun2×BunPn−2) from Section 2.3.3. Write
♭BunP∩R for the preimage
of ♭(Bun2×BunPn−2) under the map BunP∩R → Bun2×BunPn−2 sending (U2 ⊂ U ⊂ V ) to
(U2, U
′ ⊂ V ′).
The restrictions of νP,R and of νR,P to
♭ BunP∩R are smooth. For a point (61) the conditions
(16) imply H0(X,Sym2(M ⊗ U ′)) = 0, so νP,R restricts to a morphism
νP,R :
wXR ×BunR
♭ BunP∩R →
0 BunP2n−4
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To prove Proposition 3, we establish an explicit formula for the restriction of (19) under the
smooth projection pr1 :
w
◦
YR ×BunR
♭BunP∩R →
w
◦
YR. By definition of
w BunR, the latter map
is surjective.
Recall the stack SP from Section 2.3.1. The stack BunP∩R×BunnSP classifies (U2 ⊂ U ⊂
V ) ∈ BunP∩R and a section s : U → M with M ∈ BunG1 . Let WR ⊂ BunP∩R×BunnSP be
the open substack given by the condition that the composition U2 →֒ U
s
→M is an inclusion of
coherent OX -modules (this composition is denoted s2).
Write W¯R ⊂ BunP∩R×BunnYP for the open substack classifying (U2 ⊂ U ⊂ V ) ∈ BunP∩R
and v : ∧2U → Ω such that the composition ∧2U2 →֒ ∧
2U
v
→ Ω is non zero (this composition
is denoted v2). Let πW : WR → W¯R be the morphism over BunP∩R given by v = ∧
2s. Write
evW¯R : W¯R → A
1 for the map sending the above point to the pairing of v with the exact sequence
(9) defining V . We get a diagram
WR
πW→ W¯R
pW¯→
◦
YR ×BunR BunP∩R
↓ prY
◦
YP
where pW¯ sends a collection (U2 ⊂ U ⊂ V, v) ∈ W¯R to (U2 ⊂ U ⊂ V, v2 : ∧
2U2 → Ω), here v2 is
the restriction of v to ∧2U2. We have denoted by prY : W¯R →
◦
YP the projection sending the
above point to (U, v).
Proposition 13. Over w
◦
YR ×BunR
♭ BunP∩R the complex
pr∗1(πR)!ρ˜
∗
RAut
e
ψ⊗(Q¯ℓ[1](
1
2
))dim.rel(ρ˜R)+dim.rel(pr1) (62)
identifies with
pW¯!(ev
∗
W¯R
Lψ ⊗ pr
∗
Y IC(ZP ))⊗ (Q¯ℓ[1](
1
2
))dim.rel(prY) (63)
Proof By Proposition 1, diagram (60) yields an isomorphism between (62) and
(πR × id)!ν
∗
P,RKP2n−4,ψ ⊗ (Q¯ℓ[1](
1
2
))dim.rel(νP,R)
over w
◦
YR ×BunR
♭ BunP∩R. By definition of KP2n−4,ψ, the latter complex identifies canonically
with
pW¯ !((πW !Q¯ℓ)⊗ ev
∗
W¯R
Lψ)⊗ (Q¯ℓ[1](
1
2
))dimWR
By Proposition 2, we have πW !(Q¯ℓ[1](
1
2 ))
dimWR →˜ pr∗Y IC(ZP ) ⊗ (Q¯ℓ[1](
1
2 ))
dim.rel(prY). We are
done. 
Write w♭BunP∩R for the preimage of
w BunR under νP,R :
♭BunP∩R → BunR. As in Sec-
tion 6.1.2, one defines the category PW (YR ×BunR
w♭ BunP∩R) of (YR¯, ev
∗
RLψ)-equivariant per-
verse sheaves on YR ×BunR
w♭ BunP∩R, and the corresponding derived category
DW (YR ×BunR
w♭BunP∩R)
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As for (54), one defines an equivalence exact for the perverse t-structures (denoted by the same
symbol by a slight abuse of notations)
FourR,ψ−1 : D
≺(w♭BunP∩R)→ D
W (YR ×BunR
w♭ BunP∩R)
The functor (fR × id)! : D
W (YR ×BunR
w♭BunP∩R) → D
≺(w♭BunP∩R) is quasi-inverse to the
latter equivalence.
Proposition 14. 1) The complex (63) is canonically isomorphic to the restriction of
FourR,ψ−1 ν
∗
R,PKP,ψ ⊗ (Q¯ℓ[1](
1
2
))dim.rel(νR,P ) (64)
to the open substack w
◦
YR×BunR
♭BunP∩R →֒ YR×BunR
w♭ BunP∩R. Here νR,P :
w♭BunR∩P → BunP
is the natural map.
2) Over each connected component of YR ×BunR
w♭BunP∩R the complex (64) is an irreducible
perverse sheaf.
Proof 1) This follows formally from the properties of Fourier transforms. Indeed, one calculates
the Fourier transform over the vector space Hom(∧2U,Ω) composed with the backwords Fourier
transform over H1(X,∧2U2).
2) The map νR,P :
w♭BunR∩P → BunP is smooth, and ν
∗
R,PKP,ψ[dim. rel(νR,P )] is an irreducible
perverse sheaf on each connected component of w♭BunR∩P . 
Proof of Proposition 3
Since pr1 :
w
◦
YR ×BunR
♭BunP∩R →
w
◦
YR is smooth and surjective, it suffices to show that (62)
is perverse. This follows by combining Propositions 13 and 14. 
Corollary 2. Over w♭BunP∩R there exists an isomorphism
ν∗R,PKP,ψ ⊗ (Q¯ℓ[1](
1
2
))dim.rel(νR,P ) →˜ ν∗P,RKR,ψ ⊗ (Q¯ℓ[1](
1
2
))dim.rel(νP,R)
Proof Combine Propositions 13, 14 and use the irreducibility of (64) on each connected com-
ponent of YR ×BunR
w♭BunP∩R. 
7. The perverse sheaf KH
7.1 Note that the results of Section 4 hold over a suitable finite subfield of k, in particular the
perverse sheaves aK
d
H admit a Weyl structure for this finite subfield of k. In Sections 7.1-7.4 we
assume that the ground field is k = Fq.
Recall the stack aBunG1 defined in Section 2.3.4. For a < min{2g − 2, 0} let un,aBunG1 be
the stack classifying a line bundle L with deg(L∗ ⊗ Ω) = a and an exact sequence 0 → L →
M → L∗ ⊗ Ω → 0 on X. The map un,aBunG1 → BunG1 sending the above point to M is a
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locally closed immersion. Moreover, if a < min{2g − 2, 0} then ∪
b≤a
un,bBunG1 is a stratification
of BunG1 − aBunG1 .
Write aUH ⊂ BunH for the open substack of V ∈ BunH such that for any L ∈ Bun1 with
degL ≤ a one has Hom(V,L) = 0. The stack aUH is of finite type.
Lemma 7. For a < min{2g − 2, 0} the ∗-restriction of AutG1,H to un,aBunG1 ×aUH identifies
with
Q¯ℓ[dimBunG1,H −2n(g − 1− a)]
Proof Apply Proposition 9 or ([18], Theorem 1). For a point (L ⊂ M,V ) ∈ un,aBunG1 ×aUH
we get H0(X,V ⊗L∗⊗Ω) = 0 and H0(X,M ⊗V ) = H0(X,L⊗V ) is of dimension 2n(g− 1−a).

Lemma 7 immediately yields the following.
Corollary 3. If a < min{2g − 2, 0} then the cone of the natural map aK˜ → a−1K˜ over aUH is
a constant complex. 
7.2 For b ∈ Z/2Z set aU
b
H = aUH ∩Bun
b
H . Note that if aBun
d
n is not empty then a < (d/n) + g.
So, one can not find a ∈ Z such that ea
◦
ZdP is not empty for all d ∈ Z(e, P ).
Let a be small enough so that the function EK defined in Proposition 12 does not vanish
over aU
b
H for each b ∈ Z/2Z. Set UH = aUH .
Lemma 8. The set of d ∈ Z(e, P ) such that KdH vanishes over UH is at most finite.
Proof Let d ∈ Z(e, P ), pick a′ such that ea′
◦
ZdP is not empty. The irreducible subquotient K
d
H
of pH0(a′K˜) introduced in Definition 2 is characterised by the following property. The perverse
sheaf ν∗P (K
d
H)[dim. rel(νP )] over
e BundP contains the irreducible subquotient K
d
P,ψ.
If KdH vanishes over UH then K
d
P,ψ would vanish over ν
−1
P (UH) ∩
e BundP . In particular, EK
would vanish over UH ∩ νP (
eBundP ).
Let I ⊂ Z(e, P ) be the set of those d for which KdH vanishes over UH . If I is infinite then the
union of UH ∩ νP (
eBundP ), d ∈ I equals UH , and EK would vanish over UH . This contradiction
shows that I is finite. 
Using Lemma 8, we replace if necessary a by a smaller integer and assume from now on
that for all d ∈ Z(e, P ) the perverse sheaf KdH does not vanish over UH . We also assume
a < min{2g − 2, 0}. Set K˜U =
pH0(aK˜) |UH .
Lemma 9. For each d ∈ Z(e, P ) the perverse sheaf KdH already appears as an irreducible sub-
quotient in K˜U . More precisely, let a
′ ≤ a be such that ea′
◦
ZdP is not empty. Then there is a
unique irreducible subquotient KdU in K˜U such that
α : pH0(aK˜)→
pH0(a′K˜)
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induces an isomorphism KdU →˜ a′K
d
H . The subquotient K
d
U of K˜U is characterised by the property
that
ν∗P (K
d
U )[dim. rel(νP )]
over e BundP ∩ν
−1
P (UH) contains K
d
P,ψ as an irreducible subquotient.
Proof By Corollary 3, the kernel and cokernel of α : pH0(aK˜)→
pH0(a′K˜) over UH are perverse
sheaves, which are succesive extensions of constant perverse sheaves. Since KdH is not constant
and does not vanish over UH , our assertion follows. 
7.3.1 Let F be an irreducible subquotient in K˜U . Let IF ⊂ Z(e, P ) be the set of d ∈ Z(e, P )
such that F does not vanish over UH ∩ νP (
eBundP ). The set IF is infinite. Write F¯ for the
intermediate extension of F under UH →֒ BunH .
Let νn : BunP → Bunn be the map sending (9) to U . The morphism νn is smooth.
Lemma 10. For each d ∈ Z(e, P ) the perverse sheaf
Four−1YP ,ψ ν
∗
P (F¯ )⊗ (Q¯ℓ[1](
1
2
))dim.rel(νP )
over e
◦
YdP either vanishes or identifies with IC(ZP ). In the first case there is a perverse sheaf
Fd ∈ P(eBundn) and an isomorphism
ν∗P (F¯ )⊗ (Q¯ℓ[1](
1
2
))dim.rel(νP ) →˜ ν∗nF
d ⊗ (Q¯ℓ[1](
1
2
))dim.rel(νn) (65)
over e BundP . In the second case F = K
d
U .
Proof We may assume F¯ non constant. Let a′ ≤ a and S = pH0(a′K˜). By Corollary 3, the
image of F¯ under (37) is a nonzero irreducible subquotient in S. By Corollary 1,
Four−1YP ,ψ ν
∗
P (S)⊗ (Q¯ℓ[1](
1
2
))dim.rel(νP ) →˜ IC(ZP )
over ea′
◦
YdP . Since the union of
e
a′
◦
YdP for all a
′ ≤ a equals e
◦
YdP , we are done. 
In Appendix A we introduce a notion of an almost constant local system on BunH . Note
that if E is an irreducible almost constant local system on BunbH for some b ∈ Z/2Z then E is
of rank one and order at most two. The following will be proved in Section 7.3.2.
Proposition 15. The irreducible subquotients KdU of K˜U over U
b
H all coincide for d mod 2 = b.
The resulting irreducible subquotient is denoted KU ,b. If F is a different irreducible subquotient
of K˜U over U
b
H then F¯ ⊗k k¯ is a direct sum of (shifted) almost constant local systems on Bun
b
H .
Definition 4. The perverse sheaf KH ∈ P(BunH) is defined as the the intermediate extension
of KU ,0 ⊕ KU ,1 under UH →֒ BunH . The perverse sheaf KH is irreducible over each connected
component of BunH .
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Proposition 15 immediately implies the following.
Corollary 4. For each d ∈ Z(e, P ) the perverse sheaf ν∗P (KH)⊗(Q¯ℓ[1](
1
2 ))
dim.rel(νP ) over e BundP
contains KdP,ψ as an irreducible subquotient. More precisely, for each d ∈ Z(e, P ) there is an
isomorphism
Four−1YP ,ψ ν
∗
P (KH)⊗ (Q¯ℓ[1](
1
2
))dim.rel(νP ) →˜ IC(ZP )
over e
◦
YdP .
7.3.2 The fact that k is finite will be used in the proof of the following key lemma.
Lemma 11. Let F¯ be an irreducible perverse sheaf on BunbH for some b ∈ Z/2Z. Let I be
an infinite bounded from above set of integers. Assume given for each d ∈ I a perverse sheaf
Fd ∈ P(eBundn) and an isomorphism (65) over
e BundP . Assume that if d ∈ I then ν
∗
P (F¯ ) is
nonzero over e BundP . Then each irreducible subquotient of F¯ ⊗k k¯ is a (shifted) almost constant
local system on BunbH .
Remark 11. We do not require in Lemma 11 that Fd are irreducible. We can not garantee this,
as we don’t know if the geometric fibres of νP :
e BundP → BunH are connected (for generic fibres
cf. Proposition 16).
Proof of Proposition 15 The perverse sheaf K˜U |UbH
admits at least one irreducible subquotient
which is not an almost constant (shifted) local system. Let F be such an irreducible subquotient.
Then by Lemma 11, the set A = {d ∈ IF | F 6= K
d
U} is finite. Let F
′ be an irreducible subquotient
of K˜U |UbH
not equal to F . Then for any d ∈ IF −A we get F
′ 6= KdU . So, by Lemmas 11 and 10,
each irreducible subquotient of F¯ ′⊗k k¯ is a (shifted) almost constant local system on Bun
b
H ⊗kk¯.
This implies that F ′ 6= KdU for all d ∈ Z(e, P ). Thus, F = K
d
U for all d ∈ Z(e, P ). 
7.4 Proof of Lemma 11
For d1, d2 ∈ Z of the same parity write X
d1,d2 ⊂ Bund1P ×BunH Bun
d2
P for the open substack
given by the property that the two P -structures on V ∈ BunH are transversal at the generic
point of X. So, X d1,d2 classifies two exact sequences 0 → ∧2Ui →? → OX giving rise to
0 → Ui → V → U
∗
i → 0 such that the composition U1 → V → U
∗
2 is an inclusion of coherent
OX -modules, and the isomorphisms
detV →˜ (detUi)⊗ detU
∗
i →˜O
coincide for i = 1, 2.
For a point of X d1,d2 we get a diagram U1⊕U2 ⊂ V ⊂ U
∗
2⊕U
∗
1 . The projections V/(U1⊕U2)→
U∗2 /U1 and V/(U1 ⊕ U2)→ U
∗
1 /U2 are isomorphisms, so there is an isomorphism
φ : U∗1 /U2 →˜U
∗
2 /U1
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of torsion sheaves on X such that V/(U1 ⊕U2) = {(v, φ(v)) ∈ (U
∗
1 /U2)⊕ (U
∗
2 /U1) | v ∈ U
∗
1 /U2}.
Moreover, φ is anti-symmetric in the sense that for any v1, v2 ∈ U
∗
1 /U2 one has
〈v1, φ(v2)〉+ 〈φ(v1), v2〉 ∈ OX (66)
Here 〈·, ·〉 is the natural pairing.
Remark 12. Write Ox for the completed local ring of X at x ∈ X, let tx ∈ Ox be a uniformizer.
Assume that a1 ≥ . . . ≥ am > 0 and
φ : Ox/t
a1
x ⊕ . . .⊕Ox/t
am
x → t
−a1
x Ox/Ox ⊕ . . . ⊕ t
−am
x Ox/Ox
is a OX-linear map given by a matrix b = (bij). Then (66) holds iff bij ∈ t
−min{ai,aj}
x Ox/Ox and
for all i, j one has bij + bji = 0. Since the characteristic of k is not 2, this implies in particular
bii = 0.
Let X˜ d1,d2 ⊂ X d1,d2 be the open substack given by the property that there is an effective
reduced divisor D ≥ 0 on X such that div(U∗1 /U2) = 2D. For a point of X˜
d1,d2 there is an
isomorphism U∗1 /U2 →˜OD ⊕ OD. Here OD is the structure sheaf of D. We have a diagram of
smooth projections
Bund1n
q1
← X˜ d1,d2
q2
→ Bund2n ,
where qi sends the above point to Ui.
Write eX˜ d1,d2 ⊂ X˜ d1,d2 for the preimage of e Bund1n ×
e Bund2n under q1 × q2. Consider the
diagram of projections
e Bund1n
eq1
← eX˜ d1,d2
eq2
→ Bund2n
By our assumptions, for d1, d2 ∈ I there are isomorphisms σ :
eq∗1F
d1 →˜ eq∗2F
d2 of shifted
perverse sheaves over eX˜ d1,d2 .
Write F˜d for the intermediate extension of Fd under e Bundn →֒ Bun
d
n. The stack X˜
d1,d2 is
irreducible. So, if e Bundin is not empty for i = 1, 2 then
eX˜ d1,d2 is dense in X˜ d1,d2 . Thus, the
isomorphisms σ extend (by the intermediate extension) to isomorphisms
σ˜ : q∗1F˜
d1 →˜ q∗2F˜
d2
of shifted perverse sheaves over X˜ d1,d2 . For U2 ∈ Bun
d2
n (k) write
X˜ d1,d2(U2) = X˜
d1,d2 ×
Bun
d2
n
Speck,
where we used the map U2 : Spec k → Bun
d2
n to define the fibred product.
Given d1 and U1 ∈ Bun
d1
n , there is d2 ∈ I sufficiently small and U2 ∈ Bun
d2
n (k) such that the
projection q1 : X˜
d1,d2(U2) → Bun
d1
n is smooth over a Zariski open neighbourhood of U1. Now
the isomorphism σ˜ shows that F˜d1 is smooth in a neighbourhood of U1. Since U1 was arbitrary,
F˜d is a shifted local system on Bundn. The union of the images of νP :
e BundP → Bun
b
H equals
BunbH , so F¯ is also a shifted local system over Bun
a
H .
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Now Conjecture 5 would imply that F is an almost constant local system. Conjecture 5 not
being known, we give another argument that applies for the finite ground field k.
For k-points Ui ∈ Bun
di
n with di ∈ I say that U1 ≺ U2 if there is a k-point η ∈ X˜
d1,d2
such that qi(η) = Ui for i = 1, 2. Write ∼ for the equivalence relation generated by ≺. If two
k-points U1, U2 ∈ Bun
d
n are equivalent in this sense then for the maps κi : Spec k
Ui→ Bundn the
isomorphisms σ˜ yield κ∗1F˜
d →˜ κ∗2F˜
d.
Lemma 12. Assume n ≥ 3. Let d ∈ I and Ui ∈ Bun
d
n(k) for i = 1, 2. Then U1 ∼ U2 if and
only if there is E ∈ Bun01(k) with E
2 →˜ (detU1)⊗ (detU2)
−1.
Let d ∈ I and L1 ∈ Bun
d
1(k). Let Bun
d
n,L1
be the stack classifying U1 ∈ Bun
d
n, E ∈ Bun
0
1 and
an isomorphism detU1 →˜ E
2 ⊗ L1.
By Lemma 12, the ∗-restrictions of Fd to all k-points of Bundn,L1 are isomorphic to each
other. In particular, the function trace of Frobenius tr(Fd, k) : Bundn,L1(k) → Q¯ℓ is constant.
Since the same hold for any finite extension of k, we conclude by ([16], Theorem 1.1.2) that Fd
is the inverse image of a local system on Speck.
Let GSpin2n be the quotient of Gm×Spin2n be the diagonally embedded subgroup A →˜Z/2Z,
here H →˜ Spin2n /A. In terms of Appendix A, we have taken T = Gm and T1 = Gm/A →˜Gm.
Pick b¯ ∈ π1(GSpin2n) over b ∈ π1(H), let c ∈ π1(T1) be the image of b¯. Pick a T1-torsor FT1 in
BuncT1(k). We get the stack Bun
b¯
GSpin2n,FT1
defined as in Appendix A and the morphism
f : Bunb¯GSpin2n,FT1
→ BunbH
Let P¯ ⊂ GSpin2n be the preimage of P under the natural map GSpin2n → H.
Set BunP¯ ,FT1
= BunP¯ ×BunT1 Spec k, where we used the map FT1 : Speck → BunT1 to define
the fibred product. There is a commutative diagram for a suitable d¯ ∈ π1(P¯ )
Bundn,L1 ← Bun
d¯
P¯ ,FT1
νP¯→ Bunb¯GSpin2n,FT1
↓ ↓ fP ↓ f
Bundn
νn← BundP
νP→ BunbH
Let e Bund¯
P¯ ,FT1
be the preimage of e BundP under fP . We see that ν
∗
P¯
f∗F¯ is the inverse image
of a local system on Spec k. By Proposition 18 in Appendix B, for d ∈ I small enough the
generic fibre of νP¯ :
e Bund¯P¯ ,FT1
→ Bunb¯GSpin2n,FT1
is geometrically irreducible. So, f∗F¯ is the
inverse image of some local system over Spec k. Lemma 11 is reduced to Lemma 12. 
Recall the following notion. Let λ be a coweight of GLn and Fx the field of fractions of
Ox, x ∈ X. If L,L
′ are two free Ox-modules of rank n with an isomorphism of generic fibres
β : L ⊗Ox Fx →˜L
′ ⊗Ox Fx, we say that L is in the position λ with respect to L
′ if there is a
trivialization σ : L′ →˜Onx such that the image of L →֒ L⊗ Fx
β
→ L′ ⊗ Fx
σ
→ Fnx equals t
λ
xO
n
x .
Proof of Lemma 12
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Assume that E2 →˜ (detU1)⊗ (detU2)
−1. We must prove that U1 ∼ U2.
First, we may assume detU1 →˜ detU2. Indeed, by Bertini theorems ([23]), there are reduced
effective divisors D+,D− on X defined over k such that for D = D+ −D− one has E →˜O(D).
Pick any U2 ⊂ U
∗ and U3 ⊂ U
∗ such that U∗/U2 →˜OD+ ⊕OD+ and U
∗/U3 →˜OD− ⊕OD− . We
may assume D+,D− sufficiently large so that (degU) ∈ I. Then U2 ∼ U3 and detU1 →˜ detU3.
We are reduced to the case detU1 →˜ detU2.
Pick x ∈ X and an isomorphism γ : U1 →˜U2 |X−x. One can find a sequence of k-points
U3, . . . , Ur ∈ Bun
d
n and isomorphisms γi : Ui →˜Ui+1 |X−x for i = 2, . . . , r− 1 with Ur = U1 such
that Ui+1 is in the position (1, 0, . . . , 0,−1) with respect to Ui at x.
We are reduced to the case of an isomorphism γ : U1 →˜U2 |X−x such that U2 is in the position
(1, 0, . . . , 0,−1) with respect to U1 at x. This means that there is a base {e1, . . . , en} of U1 in a
neighbourhood of x such that {txe1, e2, . . . , en−1, t
−1
x en} is a base of U2 in a neighbourhood of
x. Here tx ∈ Ox is a uniformizer. Let U
′ ∈ Bunn be the modification of U1 whose local base
in a neighbourhood of x is {e1, . . . , en−2, t
−1
x en−1, t
−1
x en}. If −d − 2 ∈ I then U1 ∼ U
′∗ ∼ U2.
Otherwise, replace U ′ by a bigger suitable upper modification U ′′ at some points different from
x such that U1 ∼ U
′′∗ ∼ U2. We are done. 
Remark 13. Let i 6= 0, let F be an irreducible subquotient of pHi(aK˜) |UH . Write F¯ for the
intermediate extension of F under UH →֒ BunH . Then each irreducible subquotient of F¯ ⊗k k¯
is an almost constant local system.
Indeed, if F is not constant then, as in Lemma 9, we see that F appears as an irreducible sub-
quotient of pHi(a′K˜) |UH for all a
′ ≤ a. This together with Corollary 1 implies that Four−1YP ,ψ ν
∗
P F¯
vanishes over the stack e
◦
YP . Our claim follows now from Lemma 11. Thus, the whole complex
aK˜ |UH is built up from KH and almost constant local systems.
7.5 Assume k algebraically closed. Our purpose now is to establish more properties of the sheaf
KH . From Proposition 18 of Appendix B one easily derives the following.
Proposition 16. There is N0 ∈ Z such that for all d ≤ N0 the generic fibre of νP :
e BundP →
Bund mod 2H is geometrically irreducible and non empty. 
Proof of Theorem 1
By Corollary 4, for each d ∈ Z(e, P ) there exists a semi-simple perverse sheaf Md on e Bundn
and an isomorphism over e BundP(
ν∗P (KH)⊗ (Q¯ℓ[1](
1
2
))dim.rel(νP )
)ss
→˜KdP,ψ ⊕ (ν
∗
nM
d ⊗ (Q¯ℓ[1](
1
2
))dim.rel(νn)) (67)
Here the upper index ss stands for the semisimplification of the corresponding perverse sheaf.
Now Proposition 12 shows that there exists a function EM : BunH(k) → Z such that for each
d ∈ Z(e, P ) and η ∈ e BundP (k) over V ∈ BunH(k) one has
χ(Md |νn(η)) = (−1)
dim.rel(νdn)+dim.rel(ν
d
P )EM(V )
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Assume that EM is not identically zero on Bun
b
H for some b ∈ Z/2Z. Pick d2 ∈ Z(e, P )
with d2 mod 2 = b and U2 ∈
e Bundn such that χ(M
d2 |U2) 6= 0. Argue as in the proof of
Lemma 11. Given d1 ∈ Z(e, P ) with d1 mod 2 = b, consider the stack X˜
d1,d2(U2) introduced
in Section 7.4. Let eX˜ d1,d2(U2) be the preimage of
eX˜ d1,d2 in X˜ d1,d2(U2). If d1 is sufficiently
small, the projection q1 :
eX˜ d1,d2(U2)→
e Bund1n is dominant, so that χ(M
d1 |U1) = χ(M
d2 |U2)
for U1 lying in some nonempty open substack of
e Bund1n . Since
e Bund1P → Bun
b
H is dominant,
we conclude that EM does not vanish over some nonempty open substack of Bun
b
H . This
implies that KH does not vanish at the generic point of Bun
b
H . Then applying ([8], Lemma 4.8)
together with Proposition 16, we learn that ν∗P (KH)[dim. rel(νP )] is an irreducible perverse sheaf
on e Bund1P , so M
d1 must vanish. This contradiction shows that EM is identically zero.
Since Md is a perverse sheaf, this in turn implies that Md = 0 for all d ∈ Z(e, P ). So, for
each d ∈ Z(e, P ) the perverse sheaf ν∗P (KH)[dim. rel(νP )] is irreducible over
e BundP . 
7.6 Proof of Theorem 2
Step 1. Set G = G1 for brevity. Let aE = Q¯ℓ[dimBunG] over a BunG. Recall that aK˜ =
FH(aE), where
FH : D
−(BunG)! → D
≺(BunH)
is given by ([19], Definition 2). Recall that for a < min{2g − 2, 0} we have the locally closed
substack un,aBunG ⊂ BunG introduced in Section 7.1. Set aR = Q¯ℓ[dimBunG] over un,aBunG.
Write W for the standard representation of Hˇ. Let W1 denote the standard representation of
Gˇ →˜ SO3 and W0 = ⊕
n−2
i=2−nQ¯ℓ[2i]. By ([19], Theorem 3), one has
xH
←
H (W, aK˜) →˜FH(xH
←
G (W0 ⊕W1, aE)) →˜FH(xH
←
G (W1, aE))⊕ (W0 ⊗ aK˜) (68)
Recall that a BunG ⊂ a−1 BunG. If a + 1 < min{2g − 2, 0} then a−1 BunG admits the
stratification
a−1 BunG = a+1 BunG ⊔ un,aBunG ⊔ un,a+1BunG,
and the substack un,aBunG is closed in a−1 BunG. Set W¯1 = (Q¯ℓ[−2]⊕Q¯ℓ⊕Q¯ℓ[2]). The following
Lemma is straightforward.
Lemma 13. Let a + 1 < min{2g − 2, 0}. The complex xH
←
G (W1, aE) is the extension by zero
from a−1 BunG.
1) The ∗-restriction of xH
←
G (W1, aE) to a+1 BunG identifies with
W¯1 ⊗ (a+1E),
where W¯1 = (Q¯ℓ[−2]⊕ Q¯ℓ ⊕ Q¯ℓ[2]).
2) The ∗-restriction of xH
←
G (W1, aE) to un,aBunG is aR[−2].
3) The ∗-restriction of xH
←
G (W1, aE) to un,a+1BunG fits into an exact triangle
aR[−2]→ xH
←
G (W1, aE)→ aR

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It suffices to prove that there is a complex L ∈ D(BunH), which is a finite direct sum of
shifted almost constant local systems on BunH , and an isomorphism in D(BunH)
H←H (W,KH) →˜ (W¯1 +W0)⊗KH + L (69)
Let b be any integer small enough, so that KH |bUH 6= 0. We will show that there is such
L (depending eventually on b) and an isomorphism (69) over bUH . Since b is arbitrary, L is
independent of b, and this would conclude the proof.
Step 2. Write D1 ⊂ D(bUH) for the full triangulated subcategory generated by objects of
D(bUH) which are restrictions from BunH of the almost constant local systems.
Let α be the highest weight of W . For F ∈ D(BunH) the complex xH
←
H (W,F) |bUH is
completely determined by F |
b−1UH . Indeed, if V, V
′ ∈ BunH and V →˜V
′ |X−x such that V is
in the position α with respect to V ′ then V ∈ bUH implies V
′ ∈ b−1UH .
Pick N ≥ 0 such that for any perverse sheaf A on BunH the complex xH
←
H (W,A) over BunH
is placed in perverse degrees [−N,N ] (actually, one may take N = dimGrαH).
Pick a small enough compared to b and satisfying the assumption of Lemma 13. Then for
a′ < a the cone of the natural map aK˜ → a′K˜ over b−1UH is a succesive extension of constant
complexes.
By Lemmas 13 and 7, FH(xH
←
G (W1, aE)) over bUH has a finite filtration in the derived
category, one of the graded pieces is W¯1 ⊗ (a+1K˜), and the others are constant complexes.
Write τ≥? for the truncation functor with respect to the perverse t-structure. Apply τ≥−N
for the isomorphism (68) over bUH .
From Proposition 17 we conclude that τ≥−N (xH
←
H (W, aK˜)) over bUH admits a finite filtration
in the derived category, one of whose graded pieces is xH
←
H (W,KH ), and all the others are shifted
almost constant local systems. Similarly,
τ≥−N
(
FH(xH
←
G (W1, aE))⊕ (W0 ⊗ aK˜)
)
over bUH admits a finite filtration in the derived category, one of whose graded pieces is (W¯1 +
W0)⊗KH and all the others are shifted almost constant local systems. This implies already that
(W¯1+W0)⊗KH appears as a direct summand in xH
←
H (W,KH). More precisely, by decomposition
theorem ([2]), there is a complex L ∈ D(BunH), which is a direct sum of shifted irreducible
perverse sheaves, and an isomorphism in D(BunH)
xH
←
H (W,KH) →˜ (W¯1 +W0)⊗KH ⊕ L
We also see from the above that xH
←
H (W,KH ) →˜ (W¯1 +W0) ⊗ KH is the quotient category of
D(bUH) by D1. So, L ∈ D1. Since D1 is closed under taking the direct summands, we conclude
that each irreducible perverse sheaf appearing in L lies in D1, hence extends to BunH as an
almost constant local system. Theorem 2 is proved.
8. The perverse sheaf KH via Eisenstein series
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8.1 Recall the map νQ : BunQ → BunH defined in Section 2.3.2. Write BunQ for the stack
classifying V ∈ BunH with an isotropic subsheaf L ⊂ V , where L ∈ Bun1. Let ν¯Q : BunQ →
BunH be the projection sending this point to V . Write Bun
m
Q ⊂ BunQ for the substack given
by degL = m. The restriction ν¯mQ : Bun
m
Q → BunH of ν¯Q is proper. Set
Sm = (ν¯mQ )!Q¯ℓ[dimBun
m
Q ]
This complex differs from the usual definition of geometric Eisenstein series ([7]), as we used the
constant sheaf instead of IC(BunQ) on the non smooth stack BunQ.
In this section we propose one more conjectural construction of the perverse sheaf KH as a
‘residue’ of the sequence Sm as m goes to minus infinity. Set
S¯m = Four−1YP ,ψ(ν
∗
PS
m)⊗ (Q¯ℓ[1](
1
2
))dim.rel(νP ) ∈ D(YP )
Recall that G1 introduced in Section 2.2 is the group scheme of automorphisms of M0 =
OX ⊕ Ω acting trivially on detM0. Let B1 ⊂ G1 be the Borel subgroup preserving OX . Write
BunmB1 for the connected component of BunB1 classifying exact sequences
0→ Ω⊗ L→M → L∗ → 0 (70)
with L ∈ Bunm1 . Let νB1 : Bun
m
B1 → BunG1 be the map sending (70) to M . Recall that ZP,0 is
the stack classifying (U,M, s), where U ∈ Bunn, M ∈ BunG1 and s : U →M is a surjection.
Lemma 14. 1) For each m ∈ Z the complex S¯m is the extension by zero under the closed
immersion ZP →֒ YP .
2) The restriction of S¯m to the open substack ZdP,0 ⊂ ZP identifies canonically with
(id×νB1)!(Q¯ℓ[1](
1
2
))−2(d+m)+n
2(g−1)
for the map id×νB1 : ZP,0 ×BunG1 Bun
m
B1 → ZP,0.
Our proof of Lemma 14 uses a general construction presented separately in Section 8.2 for
the convenience of the reader.
8.2 A stack associated to a complex Consider a complex M = (A
d
→ B → C) of locally
freeOX -modules of finite ranks placed in cohomological degrees 0, 1, 2. The maps in this complex
are morphisms of coherent sheaves (not necessarily morphisms of vector bundles).
Let XM be the stack classifying an A-torsor FA on X, s ∈ H
0(X,BFA) whose image in
H0(X,C) vanishes. Here a ∈ A acts on B sending b ∈ B to b+ d(a), and BFA is the quotient of
B ×FA by A acting diagonally.
Lemma 15. XM is naturally isomorphic to the stack quotient of H
1(X,M) by the trivial action
of H0(X,M).
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Proof Let B′ be the kernel of B → C and M′ = (A
d
→ B′) placed in degrees 0, 1. Then
XM →˜XM′ naturally. Since H
i(X,M) →˜Hi(X,M′) for i ≤ 1, we may and do assume C = 0.
The category of A-torsors on X is equivalent to the category of exact sequences 0 → A →
E → OX → 0 on X, the datum of s then becomes a datum of α : E → B such that the
composition A→ E
α
→ B equals d. Thus, XM is the stack classifying diagrams on X
0→ B′
id
→ B′ → 0 → 0
↑ d ↑ α ↑
0→ A → E → OX → 0
So, a point of XM gives rise to a distinguished triangle M → S → OX on X, where S is
the complex (E
α
→ B′) placed in degrees 0, 1. This triangle yields a morphism H0(X,OX ) →
H1(X,M), hence a morphism of stacks γ : XM → H
1(X,M). The group H0(X,M) acts on XM
naturally by 2-automorphisms, so γ extends to a morphism XM → H
1(X,M)/H0(X,M). One
checks that this is an isomorphism. 
Example 1. Assume that C = 0 and d : A→ B is generically surjective. Then H2(X,M) = 0,
and XM is the stack classifying an exact sequence 0→ A→?→ OX → 0 on X together with a
splitting of its push-forward via d : A→ B.
Example 2. Let U be a rank n vector bundle on X and t : L →֒ U∗ be a subsheaf. Define
the complex M = (∧2U
d0→ Hom(L,U)
d1→ Hom(Sym2 L,OX)) as follows. The map d0 sends
y : U∗ → U such that y∗ = −y to the composition L
t
→ U∗
y
→ U . The map d1 sends z : L→ U
to 〈z, t〉 + 〈t, z〉. More precisely, here 〈z, t〉 + 〈t, z〉 sends a local section w1w2 ∈ Sym
2 L (with
wi ∈ L) to 〈z(w1), t(w2)〉+ 〈t(w1), z(w2)〉 ∈ OX . The category of ∧
2U -torsors on X is naturally
equivalent to the category of exact sequences (9) on X. Write V for the image of (9) under νP ,
it is included into an exact sequence (71). Then BFA is the sheaf of liftings t˜ : L → V of the
morphism t : L → U∗. The condition that the image of t˜ in H0(X,Sym2 L∗) vanishes means
that the image of t˜ is isotropic.
Thus, XM is the stack classifying an exact sequence (9) on X, and for the corresponding
V ∈ BunH a commutative diagram
0→ U → V → U∗ → 0
տ t˜ ↑ t
L,
where the image of t˜ is isotropic. Write U1 for the kernel of t
∗ : U → L∗. If L is of rank one
then the kernel of d1 equals Hom(L,U1).
8.3 Proof of Lemma 14 1) The stack BunP ×BunH Bun
m
Q classifies an exact sequence (9) on X
giving rise to an exact sequence
0→ U → V → U∗ → 0 (71)
on X with V ∈ BunH , and an isotropic subsheaf L ⊂ V with L ∈ Bun
m
1 . Denote by X1 ⊂
BunP ×BunH Bun
m
Q the closed substack given by the condition that L ⊂ U , write X0 for the
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complement of X1 in BunP ×BunH BunQ. Write Pn for the stack classifying U ∈ Bunn with a
subsheaf t : L →֒ U∗, where L ∈ Bunm1 .
Clearly, the contribution of X1 to the the complex S¯
m is the extension by zero under the
zero section Bunn → YP . Consider the diagram
A1
ev
← YP ×Bunn BunP
id×q1
← YP ×Bunn X0
q
→ YP ,
where ev is the natural pairing between v : ∧2U → Ω and the exact sequence (9), here (U, v) ∈
YP . We have denoted by q1 : X0 → BunP and q the projections. We will show that
q!((id×q1)
∗ev∗Lψ)
is the extension by zero from ZP . Let fP : X0 → Pn be the map sending a collection (9) and
L ⊂ V to the composition L→ V → U∗. Then q is the composition
YP ×Bunn X0
id×fP
→ YP ×Bunn Pn
pr
→ YP
Consider a k-point η of Pn given by t : L →֒ U
∗. Write U1 for the kernel of t
∗ : U → L∗. As in
(Section 8.2, example 2), we get a complex M = (∧2U
d
→ L∗ ⊗ U1) placed in degrees 0, 1. The
fibre XM of fP over η identifies with the stack quotient of H
1(X,M) by H0(X,M).
Since d is generically surjective, H2(X,M) = 0. The distinguished triangle M → ∧2U →
L∗ ⊗ U1 on X yields an exact sequence
H1(X,M)→ H1(X,∧2U)→ H1(X,L∗ ⊗ U1)→ 0
Thus, integrating (id×q1)
∗ev∗Lψ over XM, one gets zero unless v ∈ H
1(X,L∗ ⊗ U1)
∗. So, the
restriction of v : U → U∗ ⊗Ω to U1 must factor through L⊗Ω, in particular v : U → U
∗ ⊗Ω is
of generic rank at most 2. So,
(id×fP)!(id×q1)
∗ev∗Lψ (72)
is the extension by zero under ZP ×Bunn Pn →֒ YP ×Bunn Pn. Part 1) follows.
2) Let 0Pn ⊂ Pn be the open substack given by the property that v : L →֒ U
∗ is a subbundle.
Let us show that the restriction of (72) to the open substack ZP,0 ×Bunn Pn is the extension
by zero under ZP,0 ×Bunn
0Pn →֒ ZP,0 ×Bunn Pn. Indeed, consider a k-point of ZP,0 ×Bunn Pn
given by s : U → M and t : L →֒ U∗. Assume that the ∗-fibre of (72) at this point does not
vanish. Let U1 be the kernel of t
∗ : U → L∗. We have seen in 1) that v ∈ H0(X,Ω ⊗ U∗1 ⊗ L).
Let D be an effective divisor on X such that t : L(D) →֒ U∗ is a subbundle. Then v writes as a
composition
∧2U → U1 ⊗ L
∗(−D) →֒ U1 ⊗ L
∗ → Ω
Since v : ∧2U → Ω is surjective, D = 0.
Write U2 for the kernel of s : U → M . Since v vanishes on ∧
2U1, we also get U2 ⊂ U1,
and the exact sequence 0 → U1/U2 → M → L
∗ → 0 is a point of BunmB1 . We have a closed
immersion
i0 : ZP,0 ×BunG1 Bun
m
B1 →֒ ZP,0 ×Bunn
0Pn
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given by the condition that t : L →֒ U∗ factors through s∗ : M∗ → U∗. We conclude that the
∗-restriction of (72) to ZP,0 ×Bunn
0Pn identifies with (i0)!Q¯ℓ up to a shift and a twist.
To calculate the shift note that BunmQ is smooth of dimension
m(2− 2n) + (2n2 − 3n+ 2)(g − 1)
and dimBunH = (2n
2 − n)(g − 1). Further, dimBundP = (1 − n)d +
3n2−n
2 (g − 1). For a point
of 0Pn as above, M→˜ ∧
2 U1, so
dimXM = −χ(∧
2U1) = (2− n)(d+m) +
(n− 1)(n − 2)
2
(g − 1),
where d = degU . Lemma 14 follows.
8.4 Note that ZdP,0 is smooth of dimension (n
2+3)(g−1)−2d, and BunmB1 is smooth of dimension
−2m.
Lemma 16. 1) For g = 0 (resp. for g ≥ 1) assume that m ≤ 1 (resp., m ≤ 2− 2g). Then
νmB1 : Bun
m
B1 → BunG1 (73)
is generically smooth. If g = 0 then the generic fibre of (73) is irreducible.
2) If g ≥ 1 and m < 3− 3g then the generic fibre of (73) is irreducible.
Proof 1) is elementary. 2) Recall the stack a BunG1 introduced in Section 2.3.4. Under our
assumption the stack m+4g−4 BunG1 is nonempty. Indeed, this follows from the semistability
of generic M ∈ BunG1 . Let ν : X → m+4g−4 BunG1 be the stack classifying a point M ∈
m+4g−4 BunG1 , L ∈ Bun
m
1 and a section s : L⊗ Ω → M . The projection X → m+4g−4 BunG1 ×
Bunm1 forgetting s is a vector bundle of strictly positive rank. So, the generic fibre Xτ of the
composition X → m+4g−4 BunG1 × Bun
m
1 → m+4g−4 BunG1 is irreducible. The generic fibre of
(73) is open in Xτ , so it is also irreducible. 
Combining Lemmas 16 and 14 one gets the following.
Corollary 5. Assume that eZdP,0 is not empty. For g = 0 assume m ≤ 1, for g ≥ 1 assume
m ≤ 2 − 2g (resp., m < 3 − 3g). Then the perverse sheaf pH3−3g−2m(S¯m) over eYdP contains
IC(ZP ) (resp., contains IC(ZP ) with multiplicity one). 
Remark 14. i) The following is well-known (a similar claim with moduli stacks replaced by coarse
moduli spaces is proved in [17]). Assume g = 1. Let G be a semisimple connected group, T ⊂ G
its maximal torus, W the Weyl group of (G,T ). Then there is an open substack W ⊂ Bun0G
over which the natural map ν0T : Bun
0
T → Bun
0
G is a Galois covering with Galois group W .
Here the action of W on Bun0T is the one induced by the standard W -action on T . Given an
irreducible representation σ of W , denote by Lσ a perverse sheaf, which is the intermediate
extension underW →֒ Bun0G of the isotypic component of (ν
0
T )!Q¯ℓ |W corresponding to σ. Since
Bun0T is irreducible, each Lσ is an irreducible perverse sheaf.
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ii) Using i) one can strengthen Corollary 5 in the case g = 1 as follows. If eZdP is not empty
then the perverse sheaf pH0(S¯0) over eYdP contains IC(ZP ) with multiplicity one. Indeed, for
g = 1 and m = 0 the map (73) over a suitable open substack of BunG1 is a Galois covering with
Galois group Z/2Z.
8.5 From Corollary 5 and Lemma 1 one derives the following.
Corollary 6. For g = 0 assume m ≤ 1. For g = 1 assume m ≤ 0. For g > 1 assume m < 3−3g.
If eZdP,0 is not empty then
pH3−3g−2m(Sm) contains a unique irreducible subquotient Smd with
the following property. The perverse sheaf
ν∗PS
m
d ⊗ (Q¯ℓ[1](
1
2
))dim.rel(νP )
over e BundP contains K
d
P,ψ as an irreducible subquotient. 
Remark 15. We expect that each perverse sheaf Smd from Corollary 6 is isomorphic to KH over
Bund mod 2H . Though we did not check this claim completely (except in the cases g = 0 and g = 1
considered in Sections 8.7 and 8.8), a partial evidence for this is collected in Section 8.6 for the
convenience of the reader.
8.6 Partial evidence for Remark 15 Write FH : D
−(BunG1)! → D
≺(BunH) for the theta-
lifting functor introduced in ([19], Definition 2). For the map (73) set
FmG1 = (ν
m
B1)!(Q¯ℓ[1](
1
2
))3−3g−4m
Let WmQ be the stack classifying L ∈ Bun
m
1 , V ∈ BunQ and an isotropic section s : L → V .
Denote by νmW :W
m
Q → BunH the map sending the above collection to V .
Lemma 17. There is an isomorphism over BunH
FH(F
m
G1) →˜ (ν
m
W)!(Q¯ℓ[1](
1
2
))r,
where r = −2nm+ dimBunH +(2n+ 1)(1 − g) = 3− 3g − 2m+ dimBun
m
Q .
Proof For the map νB1× id : BunB1 ×BunH → BunG1 ×BunH the complex (νB1× id)
∗AutG1,H
is as follows. Let WB1,H be the stack classifying V ∈ BunH , a point (70) of Bun
m
B1 , and any
section s : L→ V .
For a point of WB1,H write s¯ for the composition L
2 → Sym2 V → OX . Let evW :WB1,H →
A1 be the map sending the above collection to the pairing of (70) with s¯. Let pW : WB1,H →
BunB1 ×BunH be the projection forgetting s. By ([20], Proposition 1), there is an isomorphism
(νB1 × id)
∗AutG1,H ⊗(Q¯ℓ[1](
1
2
))dim.rel(νB1 ) →˜ pW !ev
∗
WLψ ⊗ (Q¯ℓ[1](
1
2
))b,
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where b is a function of a connected component of WB1,H whose value at a point ((70), L
s
→ V )
equals dimBunmB1 +dimBunH +χ(L
∗ ⊗ V ), here m = deg(L).
Write WmB1,H ⊂ WB1,H for the substack given by the property degL = m. Let W
m
Q be the
stack classifying L ∈ Bunm1 , V ∈ BunH and any section s : L → V . By definition, FH(F
m
G1
)
is the direct image with compact support under the projection WmB1,H → BunH . The latter
decomposes as WmB1,H
ξ
→ W
m
Q → BunH . The direct image ξ!ev
∗
WLψ is the extension by zero
from the closed substack WmQ →֒ W
m
Q . Our assertion follows. 
Note that Bun
m
Q ⊂ W
m
Q is the open substack given by the condition that s : L→ V does not
vanish. So, Lemma 17 yields a natural map over BunH
Sm ⊗ (Q¯ℓ[1](
1
2
))3−3g−2m → FH(F
m
G1) (74)
whose cone is a constant complex.
Recall that the complex FH(IC(BunG1)) →˜ qH!AutG1,H does not literally make sense, here
qH : BunG1 ×BunH → BunH is the projection. However, our perverse sheaf KH appears in
pH0
of a suitable truncation of the latter complex.
Assume that m satisfies the conditions of Corollary 6 then pH0(FmG1) contains IC(BunG1)
with multiplicity one. So, for this m the perverse sheaf pH0(FH(F
m
G1
)) should contain KH . Now
(74) shows that KH should appear in
pH3−3g−2m(Sm). By Corollary 6, KH can appear as an
irreducible subquoient of pH3−3g−2m(Sm) with multiplicity at most one.
8.7 Case g = 0
Our purpose is to prove Proposition 4. We will also calculate the sheaves S1d and compare the
answers (the two calculations are independent and will produce the same result).
We will use the Shatz stratification of BunH (cf. [3], Section 2.10.4 and also [4], [26]). Let
T ⊂ B ⊂ H be a maximal torus and Borel subgroups. Let △ be the corresponding set of simple
roots of B. Write Λ+H for the dominant coweights of H. For g = 0 the Shatz strata are indexed
by Λ+H . Namely, for λ ∈ Λ
+
H let M
λ ⊂ H be the standard Levi whose simple roots are αˇ ∈△ such
that 〈λ, αˇ〉 = 0. Let P λ be the standard parabolic subgroup with Levi factor Mλ. Write FMλ
for the push-forward of O(1) under Gm
λ
→ T →֒Mλ. Let Shatzλ ⊂ BunPλ be the open substack
classifying FPλ such that FPλ×PλM
λ is isomorphic to FMλ . The natural map Shatz
λ → BunH
is a locally closed immersion, and these substacks form the Shatz stratification.
For b ∈ Z/2Z write OShb for the open Shatz stratum in BunbH . Then OSh
0 = Shatzλ for
λ = 0, and OSh1 = Shatzλ for λ = (1, 0, . . . , 0).
Note that dimBun1Q = dimBunH = n− 2n
2. The stack Bun
1
Q classifies V ∈ BunH with an
isotropic subsheaf L ⊂ V such that there is an isomorphism L →˜O(1). The open stratum OSh0
is not in the image of ν¯1Q : Bun
1
Q → BunH . The map ν¯
1
Q is an isomorphism over OSh
1. So, for
each b ∈ Z/2Z the perverse sheaf pH1(S1) vanishes over OShb.
Lemma 18. For each b ∈ Z/2Z the stack BunbH −OSh
b is irreducible, its open Shatz stratum
is Shatzλ, where λ = (1, 1, 0, . . . , 0) (resp., λ = (1, 1, 1, 0, . . . , 0)) for b = 0 (resp., b = 1). The
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perverse sheaf pH1(S1) vanishes over OShb, and over the subregular Shatz stratum Shatzλ there
is an isomorphism
pH1(S1) →˜ IC(Shatzλ) (75)
Proof 1) The image of the proper map ν¯1Q in Bun
0
H equals Bun
0
H −OSh
0. By ([7], Proposi-
tion 1.3.8), Bun1Q is dense in Bun
1
Q, so Bun
1
Q is irreducible. This implies that Bun
0
H −OSh
0
is irreducible. The open Shatz stratum in Bun0H −OSh
0 is Shatzλ for λ = (1, 1, 0, . . . , 0), the
subregular Shatz stratum. For V ∈ Shatzλ there is an isomorphism
V →˜O(1) ⊕O(1) ⊕O2n−4 ⊕O(−1)⊕O(−1)
So, the fibre of ν¯1Q over V identifies with P
1. The codimension of Shatzλ in Bun0H is one, so we
get an isomorphism over Shatzλ
S1 →˜ IC(Shatzλ)[1]⊕ IC(Shatzλ)[−1],
and the desired isomorphism (75) over Shatzλ.
2) Recall the parabolic subgroup R ⊂ H defined in Section 2.3.3. Note that R/[R,R] →˜Gm.
The Levi quotient of R identifies with GL2×Hn−2. Write Λˇ
+
H,R for the semigroup of H-dominant
weights which are orthogonal to all the simple coroots of GL2×Hn−2.
Let BunR be the stack classifying a R/[R,R]-torsor FR/[R,R] on X, an H-torsor FH on X,
and for each λˇ ∈ Λˇ+H,R a map κ
λˇ : LλˇFR/[R,R] →֒ V
λˇ
FH
such that the Plu¨cker relations hold as
in ([7], Section 1.3.2). Here V λˇ is the corresponding Weyl module (as in [7], Section 0.4.1).
We may simply think of BunR as the stack classifying L ∈ Bun1, V ∈ BunH and a section
κ : L →֒ ∧2V such that the Plu¨cker relations hold. Write Bun
2
R for the substack of BunR given
by the properties degL = 2 and V ∈ Bun1H . The projection ν¯R : Bun
2
R → Bun
1
H is proper, and
its image equals Bun1H −OSh
1.
Let Bun2R ⊂ Bun
2
R be the open substack given by the property that L →֒ ∧
2V is a subbundle.
As in ([7], Proposition 1.3.8) one checks that Bun2R is dense in Bun
2
R. Since Bun
2
R is an irreducible
component of BunR, Bun
2
R is irreducible, so Bun
1
H −OSh
1 is also irreducible.
The open Shatz stratum in Bun1H −OSh
1 is Shatzλ for λ = (1, 1, 1, 0, . . . , 0). For any
V ∈ Shatzλ the fibre of ν¯1Q over V identifies with P
2. The codimension of Shatzλ in Bun1H is 3.
So, the ∗-restriction of S1 to Shatzλ identifies with
IC(Shatzλ)[3] ⊕ IC(Shatzλ)[1]⊕ IC(Shatzλ)[−1]
The ∗-retsriction of IC(BunH) to Shatz
λ identifies with IC(Shatzλ)[3]. This yields the desired
isomorphism (75). 
One has the involution s of Λ+H sending λ = (a1, . . . , an) to sλ = (a1, . . . , an−1,−an). Note
that dimShatzλ = dimShatzsλ, and the fibre of ν¯1Q over a point of Shatz
λ identifies with Pa−1,
where a = a1 + . . . + an−1+ | an |. Indeed, for V ∈ Shatz
λ one has dimHom(O(1), V ) = a,
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and any section O(1) → V is isotropic. Let GV be the group scheme of automorphisms of V
preserving the symmetric form.
Assume that λ = (a1, . . . , am, 0, . . . , 0) with am > 0 and
λ = (b1, . . . , b1; b2, . . . , b2; . . . ; bk, . . . , bk; 0, . . . , 0),
where bi appears ri times for i = 1, . . . , k, and b1 > . . . > bk > 0.
Lemma 19. Set a =
∑
i ai. Then one has
dimGV = (n −m)(2n − 2m− 1) +
∑
1≤i≤j≤k
rirj(1 + bi − bj)
+ (2n − 2m)(m+ a) +
m(m− 1)
2
+ (m− 1)a
Proof We have
V →˜W ⊕O2n−2m ⊕W ∗ (76)
with W →˜O(a1)⊕ . . .⊕O(am). Recall that dimHn = n(2n − 1). One gets for the Levi part
dimHn−m +
∑
1≤i≤j≤k
rirj(1 + bi − bj)
We have to add for the unipotent part dimHom(V ′,W ) + dimH0(X,∧2W ). One has
dimHom(O2n−2m,W ) = (2n− 2m)(r1(b1 + 1) + . . . + rk(bk + 1))
One also has
dimH0(X,∧2W ) =
∑
1≤i<j≤m
(ai + aj + 1) =
m(m− 1)
2
+ (m− 1)(
∑
i
ai)
Note that r1b1 + . . .+ rkbk = a1 + . . .+ am and
∑
ri = m. 
Lemma 20. 1) The ∗-restriction of S1 to any Shatz stratum (except the open ones and the
subregular ones) is placed in perverse degrees ≤ 0.
2) Let b ∈ Z/2Z. For all the Shatz strata in BunbH −OSh
b one has
2a− 3 ≤ codimShatzλ = dimBunH − dimShatz
λ, (77)
The inequality is strict unless Shatzλ is the subregular Shatz stratum. Here for λ = (a1, . . . , an)
we set a =
∑
ai.
Proof 1) Follows immediately from 2).
2) Use the notations of Lemma 19. For V ∈ Shatzλ given by (76) we have dimEnd(W ) ≥ m2.
Indeed, if i 6= j then dimHom(O(ai),O(aj))⊕Hom(O(aj),O(ai)) ≥ 2.
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By Lemma 19, it suffices to show that
− 4nm+m(2m+ 1) +m2 + (2n − 2m)(m+ a) +
m(m− 1)
2
+ (m− 1)a ≥ 2a− 3, (78)
where a =
∑
ai, and the equality holds only in the cases indicated above. Now (78) rewrites as
2a(2n − 3−m) ≥ −3m2 +m(4n− 1)− 6 (79)
We always have a ≥ m and the equality is strict unless λ = (1, . . . , 1). Using the inequality
a ≥ m, we are reduced to show that
2m(2n − 3−m) ≥ −3m2 +m(4n− 1)− 6 (80)
The latter inequality rewrites as m2 − 5m + 6 ≥ 0. The quadratic function x2 − 5x + 6 takes
its minimal value −1/4 at x = 5/2. So, if m ∈ Z then m2 − 5m+ 6 ≥ 0 and the equality takes
place exactly for m = 2 and m = 3.
The cases m = 2 and m = 3 under the condition a = m correspond exactly to the subregular
coweights λ. For them (77) is an equality, otherwise the inequality (77) is strict. 
Lemma 21. Let d be as in Corollary 6. Then S1d is isomorphic to the IC-sheaf of the subregular
Shatz stratum over Bund mod 2H .
Proof
Step 1. Recall that for each a ∈ Z one has the open substack aUH ⊂ BunH defined in Section 7.1.
We claim that the isomorphism (75) actually holds over −2UH . Indeed, the preimage of −2UH
under ν¯1Q : Bun
1
Q → BunH is contained in Bun
1
Q, which is smooth. So, S
1 is self-dual over −2UH .
Lemma 20 now implies that for any b ∈ Z/2Z, the perverse sheaf pH1(S1) over −2UH ∩Bun
b
H is
the intermediate extension from the subregular Shatz stratum.
Step 2. Assume first that d = −n or 1 − n. Let W−nn (resp., W
1−n
n ) be the stack classifying
vector bundles U ∈ Bunn isomorphic to O(−1)
n (resp., to O(−1)n−1 ⊕O). Then Wdn ⊂
e Bundn
is a substack. Since n ≥ 4, any U ∈ Wdn admits a quotient vector bundle isomorphic to
O(−1)⊕O(−1), so the preimage ofWdn in
eZdP,0 is not empty. WriteW Bun
d
P for the preimage of
Wdn under Bun
d
P → Bun
d
n. ThenK
d
P,ψ does not vanish overW Bun
d
P . Since the image ofW Bun
d
P
in BundH is contained in −2U
d mod 2
H , K
d
P,ψ does not vanish over
e BundP ∩ν
−1
P (−2U
d mod 2
H ). Now,
for example by Theorem 1, the same holds for any d such that eZdP,0 is not empty. Our assertion
follows from Corollary 6 and Step 1. 
Proof of Proposition 4
For b ∈ Z/2Z let OBunbH ⊂ Bun
b
H be the open substack equal to the union of OSh
b and the
subregular Shatz stratum in BunbH . We have already seen in Lemma 21 that for each b ∈ Z/2Z,
KH does not vanish on −2U
b
H . Now by Corollary 3 and Proposition 15, for each b ∈ Z/2Z the
perverse sheaf pH0(−2K˜) |
−2UbH
contains the unique irreducible subquotient KH |
−2UbH
.
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Now it suffices to show that for each b ∈ Z/2Z the perverse sheaf pH0(−2K˜) over OBun
b
H
identifies with IC(Shatzλ), where Shatzλ is the subregular stratum.
To do so, note that −2BunG1 ⊂ BunG1 is the open substack classifying trivial G1-torsors, it
is isomorphic to the classifying stack B(G1). Recall the map −2q : −2 BunG1 × BunH → BunH
from Section 2.3.4.
Let first b = 0 and λ = (1, 1, 0, . . . , 0). Over −2 BunG1×OSh
0 the complex AutG1,H identifies
with Q¯ℓ[dimBunH −3], and the ∗-restriction of AutG1,H to −2 BunG1 × Shatz
λ identifies with
Q¯ℓ[dimBunH −7] by ([18], Theorem 1). Since the codimension of Shatz
λ in Bun0H is one and
RΓc(B(G1), Q¯ℓ) →˜ ⊕
∞
k=0 Q¯ℓ[6 + 4k] →˜ Q¯ℓ[6] ⊕ Q¯ℓ[10] ⊕ . . . ,
our assertion for b = 0 follows.
Let now b = 1 and λ = (1, 1, 1, 0, . . . , 0). Over −2 BunG1 × OSh
1 the complex AutG1,H
identifies with Q¯ℓ[dimBunH −5]. The ∗-restriction of AutG1,H to −2 BunG1 × Shatz
λ identifies
with Q¯ℓ[dimBunH −9]. Since the codimension of Shatz
λ in Bun1H is 3, our assertion similarly
follows for b = 1. 
Remark 16. Actually, one may show that for g = 0 and any d ∈ Z(e, P ) the fibre of νP :
e BundP → BunH over a point of the subregular Shatz stratum of Bun
d mod 2
H is irreducible. So,
in this case the isomorphism (12) of Theorem 1 determines KH up to a unique isomorphism.
8.8 Case g = 1
8.8.1 Let T ⊂ H be the standard maximal torus, write W for the Weyl group of (H,T ).
Sometimes we write W = W (Hn) to express the dependence on n. The stack Bun
0
T classifies
U1, . . . , Un ∈ Bun
0
1, we have denoted by Ui the push-forward of the T -torsor under the weight
(0, . . . , 0, 1, 0, . . . , 0), where 1 appears on i-th place.
The natural map ν0T : Bun
0
T → Bun
0
H sends this point to V =
∑
i(Ui⊕U
∗
i ) with the induced
symmetric form Sym2 V → OX and a trivialization detV →˜OX .
Write 0Bun0T ⊂ Bun
0
T for the open substack given by the properties: Ui ⊗ Uj is nontrivial
for all i, j, and Ui is not isomorphic to Uj for i 6= j. Let W
0
H ⊂ Bun
0
H be the image of
0 Bun0T
under ν0T . The restriction
0 Bun0T → W
0
H of ν
0
T is a Galois covering with Galois group W (cf.
Remark 14).
Recall the stack W1H2 introduced in Section 2.4.2. For n ≥ 3 consider the map
f1 : Bun1H2 ×Bun
0
Hn−2 → Bun
1
H (81)
sending (V, V ′) to V ⊕ V ′, the symmetric form being the orthogonal sum of the forms for V, V ′.
The restriction of f1 to the open substack W1H2 ×W
0
Hn−2
is e´tale, and the image of this open
substack under f1 will be denoted W1H . Write WH for the disjoint union of W
0
H and W
1
H .
Let W ′ ⊂W be the stabilizor of the coweight (1, 0, . . . , 0) in W . The induced representation
indWW ′(Q¯ℓ) from the trivial representaition of W
′ to W decomposes as
indWW ′(Q¯ℓ) →˜ Q¯ℓ ⊕ σn ⊕ σ
′
n,
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where σn, σ
′
n are irreducible, σn is the representation defined in Section 2.4.2, and Q¯ℓ is the
trivial representation. Note that dimσn = n− 1 and dimσ
′
n = n.
According to Corollary 6, we will look for KH inside the perverse sheaf
pH0(S0). The map
ν¯0Q : Bun
0
Q → BunH over WH is an e´tale covering. It is easy to see that
S0 |W0H
→˜ Q¯ℓ ⊕ Lσn ⊕ Lσ′n (82)
naturally over W0H . Similarly, over W
1
H2
×W0Hn−2 one has a natural isomorphism
(f1)∗S0 →˜ pr∗2(Q¯ℓ ⊕Lσn−2 ⊕ Lσ′n−2), (83)
where pr2 :W
1
H2
×W0Hn−2 →W
0
Hn−2
is the projection.
8.8.2 Recall for a ∈ Z the open substack aUH introduced in Section 7.1. Note that WH ⊂ −1UH .
Recall the complex aK˜ given by (22). We will analyse −1K˜ over WH . This will be sufficient,
because, by Corollary 3, for any a ≤ −1 the cone of the natural map aK˜ → a−1K˜ over −1UH is a
constant complex. So, for any a ≤ −1 any non constant irreducible subquotient of pH0(aK˜) |WH
already appears in pH0(−1K˜) |WH .
Recall the stack a BunG1 defined in Section 2.3.4. Note that −1BunG1 ⊂ BunG1 coincides
with the open substack of semistable G1-torsors.
Note that GLn ⊂ H is the standard Levi subgroup containing T . Let νT,n : BunT → Bunn
be the extension of scalars map with respect to T →֒ GLn. It sends (U1, . . . , Un) to U1⊕ . . .⊕Un.
Let W Bun0n ⊂ Bun
0
n be the image of
0 Bun0T under νT,n. The restriction
νT,n :
0 Bun0T →W Bun
0
n
is a Galois covering with Galois group Sn, the Weyl group of (T,GLn). For an irreducible
representation τ of Sn write LGLn,τ for the isotypic component of (νT,n)!Q¯ℓ |W Bun0n corresponding
to τ , this is an irreducible perverse sheaf on W Bun0n.
LetW Bun0P be the preimage ofW Bun
0
n under Bun
0
P → Bun
0
n. The natural mapW Bun
0
P →
W Bun0n is an isomorphism, so we identify these two stacks. Clearly, W Bun
0
n ⊂
e Bun0n.
Lemma 22. There is a morphism in D−(W Bun0P )
Q¯ℓ ⊕ LGLn,σn → ν
∗
P (−1K˜)
whose cone is a constant complex.
Proof Recall the map πP : SP → YP introduced in Section 2.3.1. Write WSP ⊂ SP for the
open substack classifying (s : U → M) ∈ SP such that M ∈ −1BunG1 , U ∈ W Bun
0
n. Let
1WSP ⊂ WSP be the closed substack given by s = 0, and
0WSP be its complement in WSP .
If U ∈ W Bun0n then Hom(∧
2U,Ω) = 0, so the projection YP → Bunn becomes an isomor-
phism overW Bun0n. The restriction of πP toWSP becomes a morphism πW ,P :WSP →W Bun
0
n
sending (U,M, s) to U . This is our definition of πW ,P .
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Proposition 9 implies an isomorphism
ν∗P (−1K˜) →˜ (πW ,P )!Q¯ℓ
over W Bun0n. The contribution of
1WSP to the latter direct image is a constant complex.
Finally, 0WSP identifies with the stack classifying U ∈ W Bun
0
n and a surjection U → U1 on X,
where U1 ∈ Bun
0
1. The map νT,n decomposes as
0 Bun0T →
0WSP
0πW,P
→ W Bun0n,
where 0πW ,P is the restriction of πW ,P . This yields an isomorphism (
0πW ,P )!Q¯ℓ →˜ Q¯ℓ⊕LGLn,σn .
We are done. 
Lemma 22 combined with Proposition 15 implies that KH does not vanish at the generic
point of Bun0H . Note that ν
∗
PLσn →˜LGLn,σn canonically. Now (82) together with Corollary 6
show that all the perverse sheaves S0d coincide with the subquotient Lσn of
pH0(S0). Now
Proposition 16 together with Corollary 6 imply that KH →˜Lσn over Bun
0
H . The first part of
Proposition 5 is proved.
8.8.3 End of the proof of Proposition 5 Let inBun1n ⊂ Bun
1
n be the open substack of
indecomposable vector bundles. Recall that the map in Bun1n → Bun
1
1 sending U to detU is
an isomorphism (cf. [22]). Denote by L 7→ Wn(L) the inverse of this map. Recall that if
U ∈ inBun1n then U is stable, in particular End(U) = k.
Let inBun−1n ⊂ Bun
−1
n be the open substack of indecomposable vector bundles. The map
U 7→ U∗ yields an isomorphism inBun1n →˜
inBun−1n . Let
inBun−1P be the preimage of
inBun−1n
under νP : Bun
−1
P → Bun
−1
n . To finish the proof of Proposition 5, we will analyze the perverse
sheaf K−1P,ψ over
in Bun−1P .
First, let us remind some well-known properties of indecomposable vector bundles. They are
either proved in or easily obtained from the results of [22]. Let L ∈ Bun11 and Wn = Wn(L).
One has H0(X,W ∗n) = 0. If A ∈ Bun
1
1 then dimHom(A,Wn) = 1, the image of a nonzero map
A → Wn is a subbundle, and Wn/A is indecomposable. By induction, Wn admits a canonical
flag of subbundles
0 =W 0 ⊂W 1 ⊂ . . . ⊂W n−1 ⊂Wn
such that W i/W i−1 is non canonically isomorphic to OX , and Wn/W
n−1 is non canonically
isomorphic to L. There is an exact sequence 0→ OX →Wn(L)→Wn−1(L)→ 0 on X. It gives
rise to an exact sequence
0→Wn−1(L)→ ∧
2Wn(L)→ ∧
2Wn(L)→ 0 (84)
This sequence allows to show by induction that H0(X,∧2W ∗n) = 0 and dimH
0(X,∧2Wn) = n−1.
This implies inBun−1n ⊂
e Bun−1n .
Further, any subsheaf of Wn of degree ≥ 1 coincides with Wn. If A ∈ Bun
0
1 then Wn(L)⊗A
is also indecomposable, so Wn(L)⊗A →˜Wn(L⊗A
n).
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Write Y2(L) for the scheme classifying subbundles E ⊂Wn(L) of rank 2 such that there exists
an isomorphism detE →˜OX , but it is not fixed. In this definition one may equally require that
E is a subsheaf, then it is actually a subbundle.
Let Y1(L) be the scheme classifying subbundles of rank one and degree zero in Wn(L). If
n ≥ 2 then Y1(L) →˜ Bun
0
1 naturally, here Bun
0
1 denotes the Picard scheme of line bundles of
degree zero on X. The latter map sends (A ⊂Wn) to the isomorphism class of A.
Let Y1,1(L) be the scheme classifying flags E1 ⊂ E ⊂ Wn(L) in Wn(L), where E ∈ Y2(L),
and E1 is a subbundle of rank one and degree zero.
Assume n ≥ 3. The map Y1,1(L) → Y1(L) →˜ Bun
0
1 sending (E1 ⊂ E) to E1 is an isomor-
phism. This follows from dimHom(E∗1 , E/E1) = 1.
The map π1,1 : Y1,1(L)→ Y2(L) sending (E1 ⊂ E) to E is surjective and proper. If E ⊂Wn
is a subbundle of rank 2 and determinant OX , then E is semistable. Pick a line subbundle
E1 ⊂ E with degE1 = 0. If E
2
1 →˜OX then the exact sequence 0 → E1 → E → E
∗
1 → 0 does
not split, and π−11,1(E) is a point. If E
2
1 is not trivial then the latter exact sequence splits, and
π−11,1(E) consists of 2 points. This shows that Y2(L) is the quotient of Bun
0
1 by the automorphism
A 7→ A−1. In turn, this yields an isomorphism Y2(L) →˜P
1.
Write LY2 for the line bundle on Y2(L) with fibre H
0(X,∧2E) at E. Let aL ∈ Z be such that
LY2 →˜O(aL) as a line bundle on P
1.
Write Y˜2(L) for the scheme of v ∈ H
0(X,∧2Wn(L)) such that the image of v : W
∗
n → Wn is
of generic rank at most 2. Then Y˜2(L)−{0} is the total space of LY2 with zero section removed.
Remark 17. Let W be a finite-dimensional k-vector space. The exteriour product (∧2W ) ⊗
(∧2W ) → ∧4W is symmetric, so yields a map Sym2(∧2W ) → ∧4W . An element ω ∈ ∧2W is
decomposable iff ω ∧ ω = 0 in ∧4W . So, Y˜2(L) is the scheme of sections v ∈ H
0(X,∧2Wn) such
that v ∧ v = 0 in H0(X,∧4Wn).
Lemma 23. If n = 4 then there is a nondegenerate quadratic form q : H0(X,∧2Wn) → k such
that Y˜2(L) is given by the equation q(v) = 0 for v ∈ H
0(X,∧2Wn). In this case aL = −2.
Proof Define q as the composition
H0(X,∧2Wn)→ H
0(W,Sym2(∧2Wn))→ H
0(X,detWn),
where the first map sends v to v ⊗ v. One has dimH0(X,detWn) = 1, so we may view q as a
quadratic form with values in k.
Let us first show that the kernel of q is at most 1-dimensional. Pick a subsheaf A1 ⊕A
∗
1 ⊕
A2 ⊕ A
∗
2 ⊂ W4 such that Ai ∈ Bun
0
1, and all the 4 line bundles A1,A
∗
1,A2,A
∗
2 are pairwise
non isomorphic. Let vi ∈ H
0(∧2(Ai ⊕ A
∗
i )) be a nonzero section. Then q is nondegenerate on
the subspace of H0(X,∧2Wn) generated by v1, v2. So, the kernel of q is at most 1-dimensional.
Since Y˜2(L)− {0} is smooth, it follows that q is non degenerate. The last assertion is now easy
to check. 
The following lemma is standard, its proof is left to a reader.
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Lemma 24. Let V be a 3-dimensional k-vector space with a nondegenerate quadratic form
q : V → k. Let Y ⊂ V be the closed subscheme given by q = 0. Let b : V →˜V ∗ be the symmetric
bilinear form corresponding to q. Let V ⊂ V ∗ be the open subscheme, the complement to the
image of Y by b. There is a unique up to isomorphism rank one and order two local system EV
on V, which is Gm × SO(V, q)-equivariant. Let Iq be the intermediate extension of EV [3] to V
∗.
Then Fourψ(IC(Y )) →˜ Iq.
We need the following generalization of Lemma 24.
Lemma 25. Let W be a 2-dimensional vector space and d ≥ 1. Let Y ⊂ SymdW be the closed
subscheme, the image of the finite map W → SymdW given by w 7→ wd. Then Fourψ(IC(Y ))
generically over SymdW ∗ is a (shifted) local system of rank d− 1.
Proof For a f ∈ SymdW ∗ let βf : Y → A
1 be the composition Y →֒ SymdW
f
→ A1. Clearly,
IC(Y ) →˜ Q¯ℓ[2]. For a sufficiently general f calculate the Euler characteristic of β
∗
fLψ. To this
end, calculate first h!β
∗
fLψ, where h : Y − {0} → P(W ) is the natural Gm-torsor. Here P(W ) is
the projective space of lines in W . The details are easy and left to a reader. 
Lemma 26. For any L ∈ Bun11 one has aL = 2− n, that is, LY2 →˜O(2− n) on P
1.
Proof We will show that π∗1,1LY2 is of degree 4−2n. Consider the line bundle L1 on Bun
0
1 whose
fibre at E1 ∈ Bun
0
1 is Hom(E1,Wn(L)). Let x ∈ X be such that L →˜O(x). Let rx : X → Bun
0
1 be
the map sending y to O(x−y). We claim that r∗xL1 →˜O((1−n)x). This is proved by induction.
For n = 1 one has canonically Hom(O(x − y),O(x)) →˜ k, so the line bunlde L1 is trivialized
in this case. For n > 1 consider the exact sequence 0 → Hom(E1,OX) → Hom(E1,Wn(L))
ξ
→
Hom(E1,Wn−1(L)). The map ξ between the corresponding line bundles on Bun
0
1 is regular and
vanishes only at E1 →˜O with multiplicity one. So, r
∗
xL1 →˜O((1− n)x).
Consider the line bunlde L2 on Bun
0
1 with fibre Hom(E
∗
1 ,Wn) at E1 ∈ Bun
0
1. One shows by
induction that r∗xL2 →˜O(−(n + 1)x). Indeed, for n = 1 we have a regular map H
0(X,O(2x −
y))→ O(2x)/O(x) which is nonzero for y 6= x, and has a zero at y = x of order 2. The induction
step is as above.
Write
◦
L2 for the total space of L2 with zero section removed. Let L3 be the line bundle on
◦
L2
whose fibre at (E1, s) is Hom(E
∗
1 ,Wn/ Im(s)), here s : E1 →֒ Wn. Of coarse, L2 descends with
respect to the projection
◦
L1 → Bun
0
1 sending (E1, s) to E1, so we view it as a line bundle on
Bun01. We have an exact sequence 0 → Hom(E
∗
1 , E1) → Hom(E
∗
1 ,Wn)
ν
→ Hom(E∗1 ,Wn/ Im(s))
for any inclusion s : E1 →֒ Wn. The map ν between line bundles over Bun
0
1 is regular and
vanishes exactly at 4 points, so deg(L3) = 3− n.
Finally, we obtain deg π∗1,1LY2 = degL1 + degL3 = 4− 2n. 
Since dimH0(X,∧2Wn) = n − 1, Lemma 26 implies that there is a 2-dimensional space E
and an isomorphism Symn−2E →˜H0(X,∧2Wn) such that Y˜2(L) is the image of the map
E
ξ
→ Symn−2E →˜H0(X,∧2Wn),
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where ξ(e) = en−2. Now by Lemma 25, the Fourier trasform Fourψ(IC(Y˜2(L))) is generically a
shifted local system of rank n − 3. This shows that K−1P,ψ |Bun1H
is generically a (shifted) local
system of rank n− 3.
Now the isomorphism (83) combined with Corollary 6 shows that (f1)∗S0−1 →˜ Q¯ℓ ⊠ Lσn−2 .
Now applying Proposition 16, we see that KH |Bun1H
is uniquely determined by the isomorphism
(12) of Theorem 1. The fact that for n = 4, KH |Bun1H
is generically a (shifted) local system of
order two was already established in Lemma 24. Proposition 5 is proved.
9. Generalizations for other simple groups
9.1 Inspired by our construction of KH and the results on the Fourier coefficients of minimal
representations ([12], Theorem 5.2), we propose the following generalizations of Theorem 1.
Let G be a connected simple algebraic group (not necessarily simply connected). Let P ⊂ G
be a maximal parabolic subgroup with an abelian unipotent radical U ⊂ P . Let M ⊂ P be a
Levi subgroup of P . Let P− be the opposite parabolic subgroup with respect to some maximal
torus T ⊂M . Write U− for the unipotent radical of P−.
The maximal parabolic subgroups with an abelian unipotent radical have been classified in
([24], list of possible cases in Remark 2.3). So, G is of type An, Bn, Cn, Dn, E6 or E7.
We may view U as a linear representation of M , write U∗ for the dual representation. By
loc.cit., the groupM has finitely many orbits on U− →˜U∗. On the set ofM -orbits in U∗ one has
an order, namely O1 ≤ O2 iff O1 is contained in the closure of O2. By ([24], Proposition 2.15),
this order is linear, and there is a uniqueM -orbit Z ⊂ U∗ such that the closure Z¯ of Z is Z∪{0}.
Let BunG be the stack of G-torsors on X, and similarly for BunP ,BunM . The stack BunP
classifies FM ∈ BunM and an exact sequence 0 → UFM →? → OX → 0 on X. Here UFM =
(U ×FM )/M is the vector bundle on X obtained out of U by twisting with FM .
Let YP be the stack classifying FM ∈ BunM and a section v : UFM → Ω. Then BunP and YP
are dual generalized vector bundles over BunM , so one has the corresponding Fourier transform
functor FourYP ,ψ : D
≺(YP )→ D
≺(BunP ).
The Gm-action on U
∗ by scalar multiplications commutes with the M -action. Let ZP ⊂ YP
be the closed substack classifying (FM , v) such that v is a section of Z¯FM ,Ω. Here Z¯FM ,Ω is the
closed subscheme of the total space of U∗FM ⊗Ω obtained as the corresponding twisting of Z¯. Let
ZP,0 ⊂ ZP be the open substack given by the property that v is a section of ZFM ,Ω ⊂ Z¯FM ,Ω.
Let e BunM ⊂ BunM be the open substack given by H
0(X,UFM ) = H
0(X,Ω ⊗ UFM ) = 0.
Write eYP ,
e BunP for the preimage of
e BunM in the corresponding stack. The natural map
νP :
e BunP → BunG is smooth.
If G is of type Cn, assume G simply-connected. If G is of type Bn or Cn write W for the
standard representation of G. Write A for the line bundle on BunG with fibre detRΓ(X,WFG) at
FG ∈ BunG. Let B˜unG be the µ2-gerb over BunG of square roots of A. It classifies FG ∈ BunG,
a 1-dimensional vector space B and an isomorphism B2 →˜ detRΓ(X,WFG).
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We have a diagram
eYP
e BunP
ց ւ ց νP
e BunM BunG,
where eYP and
e BunP are dual vector bundles over
e BunM . For G of type Cn the map νP lifts
naturally to a map ν˜P : BunP → B˜unG.
Conjecture 4. Assume that G is not of type Bn or Cn. There is a perverse sheaf KG on
BunG with the following property. If d ∈ π1(M) and
eZdP,0 is not empty then there exists an
isomorphism over e BundP
ν∗PKG ⊗ (Q¯ℓ[1](
1
2
))dim.rel(νP ) →˜ FourYP ,ψ(IC(ZP ))
Remark 18. i) For G = Sp2n Conjecture 4 should be corrected as follows. In this case KG is a
direct summand in the theta-sheaf on B˜unG introduced in ([18], Definition 1), and νP should be
replaced by ν˜P . With this correction Conjecture 4 holds for G = Sp2n ([18], Proposition 7).
ii) We don’t know if Conjecture 4 should be true for type Bn (even with BunG eventually
replaced by B˜unG). Recall that at the level of functions, a metaplectic µ2-covering of SO7
admits a minimal representation ([25, 27]), whence for n ≥ 4 it is known that the minimal
representation does not exist for SO2n+1 (or its metaplectic coverings).
9.2 If G is of type E6 or E7, the perverse sheaf KH from Conjecture 4 should be the geomet-
ric analog of the corresponding minimal representation. More precisely, it should satisfy the
Hecke property corresponding to the subregular unipotent orbit in the Langlands dual group Gˇ
(precisely as in Conjecture 1).
Appendix A. Almost constant local systems on BunG
A.1 Assume the ground field k algebraically closed. Let G be a semi-simple algebraic group, Gsc
its simply-connected covering, let A be the finite abelian group defined by the exact sequence
1→ A
i
→ Gsc → G→ 1.
Pick a connected torus T and an injective homomorphism φ : A →֒ T , set T1 = T/A. Let
G1 = (T × G
sc)/A, where the map A → T × Gsc is (φ, i). We get exact sequences 1 → A →
G1 → T1 ×G→ 1 and 1→ T → G1 → G→ 1 over Spec k.
Given b ∈ π1(G), pick any b¯ ∈ π1(G1) over b and let (c, b) ∈ π1(T1) × π1(G) be the image
of b¯ under π1(G1) → π1(T1 × G). Pick any FT1 ∈ Bun
c
T1 . Write Bun
b¯
G1,FT1
for the stack
Bunb¯G1 ×BunT1 Speck, where we used the map FT1 : Spec k → BunT1 to define the fibred product.
The projection
f : Bunb¯G1,FT1
→ BunbG (85)
is smooth and surjective. It is not representable, the group A act on each fibre of f by 2-
automorphisms. But after getting rid of this 2-action, the map f becomes a Galois covering of
BunbG with Galois group H
1(X,A).
61
Definition 5. Say that a local system K on BunbG is almost constant if f
∗K is constant, that
is, there is m ≥ 1 and an isomorphism f∗K →˜ Q¯mℓ .
Since T is contained in the center of G1, we have a natural action map BunT ×BunG1 →
BunG1 .
If b¯′ ∈ π1(G1) is another element over b let (c
′, b) ∈ π1(T1)× π1(G) be the image of b¯
′. Pick
any F ′T1 ∈ Bun
c′
T1 . Let F¯ be the T1-torsor on X of isomorphisms Isom(FT1 ,F
′
T1
). In other
words, BunT1 is naturally a group stack and F
′
T1
→˜FT1 ⊗ F¯ for the corresponding product ⊗ in
BunT1 . If F¯ ∈ Bun
c¯
T1 then c¯ is in the subgroup π1(T ) →֒ π1(T1), so one may pick a lifting of F¯
to a T -torsor F on X. Then F gives rise to a commutative diagram
Bunb¯G1,FT1
f
→ BunbG
↓≀ ր f ′
Bunb¯
′
G1,F ′T1
,
where the vertical arrow is the action of F on BunG1 . This shows that the notion of an almost
constant local system does not depend on our choices of b¯ and FT1 .
One checks that this notion does not depend on a choice of (φ, T ). Note that for b = 0
an irreducible perverse sheaf K ∈ P(Bun0G) is almost constant if its restriction to BunGsc is
constant. To see this, take b¯ = 0 and FT1 to be a trivial T1-torsor then (85) idenitifes with the
projection BunGsc → Bun
0
G.
Since H1(X,A) is abelian, any almost constant irreducible local system on BunbG is of rank
one and finite order.
The following conjecture was communicated to us by Drinfeld. We have not found a reference
for its formulation or a proof1.
Conjecture 5. Any smooth Q¯ℓ-sheaf on BunGsc is constant.
In view of this conjecture any local system on BunG should be almost constant.
Consider an Arthur parameter (α, σ) : π1(X) × SL2 → Gˇ, where α : π1(X) → Z(Gˇ) is a
homomorphism with values in the center of Gˇ, and σ corresponds to the principal nilpotent.
We have canonically Hom(H1(X,A), µ∞) →˜H
1(X,Z(Gˇ)), so α can be seen as a character α :
H1(X,A)→ µ∞. We associate to α the local system on BunG whose restriction to Bun
b
G is the
isotypic component in f!Q¯ℓ for the map (85) on which H
1(X,A) acts by α. We expect this local
system to be the automorphic sheaf corresponding to the above Arthur parameter.
We will use only the following weaker result.
Proposition 17. Let W ∈ Rep(Gˇ), K be an almost constant local system on BunG, and
x ∈ X. There is r > 0, almost constant local systems Ki on BunG and di ∈ Z such that
xH
←
G (W,K) →˜ ⊕
r
i=1 Ki[di].
1Conjecture 5 would follow form the ℓ-adic version of the results of [9].
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Proof Pick any b¯, b¯′ ∈ π1(G1). Denote by b, b
′ ∈ π1(G) and c, c
′ ∈ π1(T1) the images of b¯, b¯
′
respectively. Pick a T1-torsor FT1 ∈ Bun
c
T1
and set F ′T1 = FT1((c
′ − c)x). This makes sense,
because c′ − c is a coweight of T1.
Write xHG(b, b
′) for the Hecke stack classifying FG ∈ Bun
b
G, F
′
G ∈ Bun
b′
G, β : FG →˜F
′
G |X−x.
We have the diagram
BunbG
h←
← xHG(b, b
′)
h→
→ Bunb
′
G,
where h← (resp., h→) sends the above point to FG (resp., to F
′
G). Similarly, we have the stack
xHG1(b¯, b¯
′) included into a diagram of projections
Bunb¯G1
h←
← xHG1(b¯, b¯
′)
h→
→ Bunb¯
′
G1
Let xH(b¯, b¯
′) be the stack obtained from xHG1(b¯, b¯
′) by the base change (FT1 ,F
′
T1
) : Spec k →
BuncT1 ×Bun
c′
T1 . We get the diagram
Bunb¯G1,FT1
h¯←
← xH(b¯, b¯
′)
h¯→
→ Bunb¯
′
G1,F ′T1
↓ f ↓ h ↓ f
BunbG
h←
← xHG(b, b
′)
h→
→ Bunb
′
G
The key observation is that both squares in this diagram are cartesian.
We may assume that K is supported on Bunb
′
G. Let S be the spherical perverse sheaf on GrG
corresponding to W . By definition,
H←G (S,K) →˜ h
←
! (∗S ⊠˜K)
r
(see [19], Section 2.2.1). We may assume that ∗S ⊠˜K is supported on xHG(b, b
′). The above
diagram yields an isomorphism
xH
←
G (S, f!Q¯ℓ) →˜ f!xH
←
G1(S, Q¯ℓ)
Since xH
←
G1
(S, Q¯ℓ) is a constant complex on Bun
b¯
G1,FT1
, our claim follows. 
Appendix B. Connectedness issues
B.1 Assume the ground field k algebraically closed. Let G be a semi-simple algebraic group.
We pick a Borel subgroup B ⊂ G and its maximal torus TG ⊂ B, write Λˇ (resp., Λ) for the
weights (resp., coweights) lattice of TG. Write Λˇ
+ for the dominant weights of (G,TG), let w0
be the longuest element of the Weyl group of (G,TG). Let B ⊂ P ⊂ G be a standard parabolic
subgroup, UP ⊂ P its unipotent radical, write M for the corresponding standard Levi subgroup
of P .
For λ ∈ Λ write BunλTG for the connected component of BunTG classifying F ∈ BunTG such
that for each λˇ ∈ Λˇ one has degLλˇF = 〈λ, λˇ〉. For d ∈ π1(M) write Bun
d
M for the connected
component of BunM containing the image of Bun
λ
TG
for any λ ∈ Λ over d. Write BundP for
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the preimage of BundM under the natural map BunP → BunM . Write g (resp., p) for the Lie
algebras of G (resp., of P ). Let 0 BundP ⊂ Bun
d
P be the open substack classifying F ∈ Bun
d
P
such that for any irreducible P -submodule V of g/p one has H1(X,VF ) = 0. The natural map
νP :
0 BundP → BunG is smooth.
Proposition 18. Let d ∈ π1(M), write b ∈ π1(G) for the image of d in π1(G). Assume that
there is a lifting of d to an anti-dominant coweight λ ∈ Λ such that for each negative root αˇ of
(G,TG) one has 2g− 2 < 〈αˇ, λ〉. Then the generic fibre of νP :
0BundP → Bun
b
G is geometrically
connected. So, there is a non empty open substack of BunbG such that each fibre of the latter
map over a point of this substack is geometrically connected.
Proof Pick T , φ : A → T and define T1, G1 as in Section A.1. Let P1 (resp., B1, M1) be the
preimage of P (resp., of B, M) under G1 → G. The diagram is cartesian
BunB1 → BunP1
νP1→ BunG1
↓ ↓ ↓
BunB → BunP
νP→ BunG
Let Λ1 be the coweights lattice of B1, the projection Λ1 → Λ is surjective. Pick λ¯ ∈ Λ1 over λ,
write d¯ (resp., b¯) for the image of λ¯ in π1(M1) (resp., in π1(G1)). It suffices to prove that the
generic fibre of νP1 :
0 Bund¯P1 → Bun
b¯
G1
is geometrically connected. The second assertion would
also follow using Lemma 27.
Note that λ¯ is anti-dominant for G1, and for each negative root αˇ of G1, we have 2g −
2 < 〈αˇ, λ〉. This implies that the map νB1 : Bun
λ¯
B1 → Bun
b¯
G1 is smooth, and similarly for
BunB1 → BunP1 . So, it suffices to show that the generic fibre of νB1 : Bun
λ¯
B1 → Bun
b¯
G1 is
connected. By Lemma 28 below, it suffices to show that Bunλ¯B1 ×Bunb¯G1
Bunλ¯B1 is connected.
The stack Bunλ¯B1 is smooth of dimensioon (g − 1) dimB1 − 〈λ¯, 2ρˇ〉, and BunG is smooth of
dimension (g − 1) dimG. Here ρˇ is the half sum of positive roots of (G1, B1). So, the stack
Bunλ¯B1 ×Bunb¯G1
Bunλ¯B1 is smooth of pure dimension (g − 1) dimTG1 − 2〈λ¯, 2ρˇ〉, here TG1 is the
preimage of TG under G1 → G. Let
j : Y →֒ Bunλ¯B1 ×Bunb¯G1
Bunλ¯B1
be the open substack given by the property that the two B1-structures on a given G1-torsor are
transversal at the generic point of X. One checks that the complement Y ′ of Y is of dimension
< (g − 1) dim TG1 − 2〈λ¯, 2ρˇ〉. Thus, it suffices to prove that Y is connected. To do so, consider
the map q : Y → Bunλ¯TG1
defined as the composition
Y
j
→ Bunλ¯B1 ×
b¯
BunG1
Bunλ¯B1
pr2→ Bunλ¯B1 → Bun
λ¯
TG1
,
here pr2 is the projection on the second factor. Since Bun
λ¯
TG1
is smooth and irreducible and q
is smooth of constant relative dimension, it siffices to show that each fibre of q is connected.
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The fibre of q over any F ∈ Bunλ¯TG1
is isomorphic to the twisted versions of the Zastava space
◦
Zθg1,b1(X) in the notation of ([6], Section 2.12) corresponding to the parameter θ = w0(λ¯) − λ¯.
The twist is due to the fact that the trivial TG1-torsor used in the definitrion of the Zastava is
replaced by an arbitrary point of Bunλ¯TG1
. Note that θ is a sum of positive coroots. Now ([6],
Proposition 2.25) combined with (loc.cit., Propositions 2.19 and 2.21) imply that each fibre of q is
connected. We have also used the fact that the derived group [G1, G1] of G1 is simply-connected,
as the results of [6] require this assumption. 
The following is proved in ([13], Proposition 9.7.8, p. 82).
Lemma 27. Let S be an irreducible scheme with generic point η. Let f : Y → S be a finitely
presented morphism of schemes. Assume that the fibre f−1(η) is geometrically irreducible (resp.,
geometrically connected). Then there is a non empty open subscheme U ⊂ S such that for any
s ∈ U the fibre f−1(s) is geometrically irreducible (resp., geometrically connected). 
Lemma 28. Let S and Y be smooth irreducible k-schemes, let f : Y → S be a smooth morphism
(of some constant relative dimension). Assume that Y ×S Y is connected. Then there is a non
empty open subscheme U ⊂ S such that for each s ∈ U the scheme f−1(s) is geometrically
connected.
Proof Write η (resp., ζ) for the generic point of S (resp., of Y ). Set Yη = f
−1(η). Since Y ×S Y
is connected and smooth over k, it is irreducible. Let ν be the generic point of Y ×S Y .
Consider the projection pr2 : Y ×S Y → Y . The generic fibre of pr2 over ζ is Yη ×η ζ. Since
ν is dense in Yη ×η ζ, the scheme Yη ×η ζ is irreducible. Clearly, it is actually geometrically
irreducible. Now apply Lemma 27 to pr2. 
Appendix C. Case of characteristic zero
C.1 Assume the base field k algebraically closed of characteristic zero. Work with D-modules
instead of e´tale Q¯ℓ-sheaves. In this case one uses the homogeneous Fourier transform, so we
omit ψ in some notations, for example the D-module KP,ψ introduced in Section 2.3.1 is now
denoted KP .
Theorem 1 holds in the characteristic zero case. In this appendix we briefly explain the
changes to be made in our proof of Theorem 1 for D-modules.
Write h for the Lie algebra of H. The cotangent bundle T ∗BunH is the stack classifying
(V, σ), where V ∈ BunH and σ ∈ H
0(X, h∗V ⊗Ω) →˜ Hom(∧
2V,Ω) (cf. [3]). Write Z¯ ⊂ h∗ for the
closure of the minimal nilpotent orbit Z in h∗, the complement of Z in Z¯ is the origin in h∗.
Let C ⊂ T ∗ BunH be the substack classifying (V, σ) such that σ is a section of Z¯V,Ω → X.
Here Z¯V,Ω ⊂ h
∗
V ⊗ Ω is the closed subscheme obtained as the corresponding twist of Z¯. Then C
contains the zero section of T ∗BunH , write C
′ for the complement of this zero section in C. Then
C′ admits a stratification by locally closed substacks Cm, m ≥ 0. Here Cm is the stack classifying
V ∈ BunH with an isotropic subbundle V2 ⊂ V of rank two, D ∈ X
(m), and an isomorphism
Ω(−D) →˜ det(V/V−2). Here we have denoted by V−2 ⊂ V the orthogonal complement to V2 in
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V . The stack Cm is smooth of dimension dimBunH −(2n − 4)m. Since C
0 is contained in the
global nilpotent cone, from ([3], Theorem 2.10.2) one derives that C0 is a lagrangian substack of
T ∗BunH .
The formulation of Proposition 15 is changed as follows.
Proposition 19. The irreducible subquotients KdU of K˜U over U
b
H all coincide for d mod 2 = b.
The resulting irreducible subquotient is denoted KU ,b. If F is a different irreducible subquotient
of K˜U over U
b
H then F¯ is a (shifted) local system over the whole of Bun
b
H .
To prove Proposition 19, keep only the following part of Lemma 11 (its proof holds without
changes in characteristic zero case).
Lemma 29. Let F¯ be an irreducible D-module on BunbH for some b ∈ Z/2Z. Let I be an infinite
bounded from above set of integers. Assume given for each d ∈ I a D-module Fd on e Bundn and
an isomorphism (65) over e BundP . Assume that if d ∈ I then ν
∗
P (F¯ ) is nonzero over
e BundP .
Then F¯ is a (shifted) local system on BunbH . 
If E → S is a vector bundle, there is a canonical symplectomorphism ι : T ∗(E) → T ∗(E∗)
between the cotangent bundles to the corresponding total spaces. If E →˜S×E0 is a trivialization
of E over S, here E0 is a vector space, then T
∗E →˜T ∗S ×E0 ×E
∗
0 and T
∗E∗ →˜T ∗S ×E∗0 ×E0
natually. In this case ι(a, x, y) = (a, y,−x) for a ∈ T ∗S, x ∈ E0 and y ∈ E
∗
0 . If is remarkable
that this symplectomorphism does not depend on the trivialization of E. For a Gm-equivariant
D-module M on E the characteristic variety of its Fourier transform Four(M) on E∗ is the
image under ι of the characteristic variety of M (cf. [14], Theorem 5.5.5).
Recall the stack eZP,0 introduced in Section 2.3.1, it classifies U ∈
e Bunn, M ∈ BunG1 and
a surjection U → M . Let T ⊂ eZP,0 be the open substack given by H
0(X,U ⊗M) = 0. Recall
that e BunP and
eYP are dual vector bundles over
e Bunn, denote by ι : T
∗(eYP )→ T
∗(eBunP )
the symplectomorphism as above.
The substack T ⊂ eYP is locally closed, and we denote by N
∗
T (
eYP ) the conormal bundle of
T in eYP .
Lemma 30. Let b ∈ Z/2Z, let F be an irreducible D-module on BunbH . Assume that d ∈
Z(e, P ) with d mod 2 = b, and over e BundP the D-module ν
∗
P (F)[dim. rel(νP )] contains K
d
P as
an irreducible subquotient. Then C0 ∩ T ∗(BunbH) is contained in the characteristic variety of F .
Sketch of the proof One checks that the substack ι(N∗T (
eYP )) ⊂ T
∗(eBunP ) is contained in
C0 ×BunH
e BunP ⊂ T
∗BunH ×BunH
e BunP ⊂ T
∗(eBunP )
This implies that C0×BunH
e BundP is contained in the characteristic variety of ν
∗
P (F)[dim. rel(νP )].

Sketch of the proof of Proposition 19 Combining Lemmas 29 and 30 one gets the following. For
each d ∈ Z(e, P ) the characteristic variety of KdU contains C
0×BunH U
b
H . The D-module K˜U over
U bH admits a unique irreducible subquotient, whose characteristic variety contains C
0×BunH U
b
H ,
and all its other irreducible subquotients are (shifted) local systems on U bH . 
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Conjecture 6. The characteristic variety of KH is C
0 to which one should possibly add the zero
section of T ∗ BunH → BunH .
Remark 19. We have also proved the following (these claims are not used in the present paper,
so we don’t provide a proof).
i) If n ≥ 4 then the stack C0 is smooth, and C0 ∩ T ∗(BunbH) is irreducible for each b ∈ Z/2Z.
If n = 2 then C0 is contained in T ∗(Bun0H) and is irreducible. For n = 3 the stack C
0 is not
irreducible.
ii) Write C¯0 for the image of C0 under the projection T ∗BunH → BunH . If n = 2 then C¯
0 ⊂ Bun0H
is of codimension one and irreducible. If n ≥ 4 then for each b ∈ Z/2Z the substack C¯0 ∩ BunbH
is irreducible and of codimension one in BunbH .
iii) Let g > 1 be odd. Then, for d sufficiently small, Braden’s condition ([5], Corollary 3) holds
for IC(ZP ) over
eYdP , so that K
d
P does not vanish at the generic point of Bun
d
P . Thus, KH does
not vanish at the generic point of BunbH for each b in this case. In particular, the isomorphism
(12) determines KH up to a unique isomorphism.
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